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Abstract:
Sheep milk production is an important economic activity in some countries of Europe and Asia. However, in the last decades there
has been an incipient development of this industry in some Latin American countries. The aim of the current work is to evaluate the
goodness of fit of two empirical models to describe lactations curves of East Friesian sheep in a temperate region in Mexico. A total
of 38 lactations, comprising 254 test-day records (TDR) of East Friesian sheep from a commercial dairy farm located in the Jilotepec,
Estado de Mexico, Mexico, were analyzed to investigate the goodness of fit of two empirical lactation models (Wood and Wilmink
models). The goodness of fit of empirical models was evaluated using the mean square of prediction error (MSPE), root-mean-square
prediction error (RMSPE), Akaike information criterion (AIC) and Bayesian information criterion (BIC). According with the used
criteria the Wood model depicts better fitting of analyzed lactation curves with lower values of MSPE (0.013 vs. 0.014), RMSPE
(0.101 vs 0.104), AIC (-5.67 vs. -5.03) and BIC (-6.11 vs. -4.84) in comparison with the Wilmink model.
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Resumen:
La producción de leche de oveja es una actividad económica importante en algunos países de Europa y Asia. Sin embargo, en las
últimas décadas ha habido un incipiente desarrollo de esta industria en algunos países de Latinoamérica. El objetivo del presente
trabajo es evaluar la bondad de ajuste de dos modelos empíricos para describir las curvas de lactancia de las ovejas de East Friesian
en una región templada de México. Se analizaron un total de 38 lactancias, las cuales comprenden un total de 254 registros de días de
prueba (TDR) de ovejas East Friesian alojadas en una unidad de producción ovina lechera ubicada en Jilotepec, Estado de México,
México, para investigar la bondad de ajuste de dos modelos empíricos (el modelo de Wood y el modelo de Wilmink). La bondad de
ajuste de los modelos empíricos se evaluó utilizando el cuadrado medio del error de predicción (MSPE), el error de predicción de la
raíz cuadrada media (RMSPE), el criterio de información de Akaike (AIC) y el criterio de información Bayesiana (BIC). De acuerdo
con los criterios utilizado, el modelo de Wood muestra un mejor ajuste de las curvas de lactancia analizadas, mostrando valores más
bajos de MSPE (0.013 vs 0.014), RMSPE (0.101 vs 0.104), AIC (-5.67 vs -5.03) y BIC (-6.11 vs. -4,84) en comparación con el modelo
de Wilmink.
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1. Introduction
Sheep milk production is an important economic
activity in some countries of Europe and Asia.
Interestingly, in the last decades there has been an
incipient development of this industry in some Latin
American countries. In order to make this activity
cost-effective the use of breeds specialized in milk
production is important. Recently, breeds such as
East Friesian, Lacaune and Awassi have been
introduced in Mexico to achieve profitable milk yields.
Nevertheless, there is scarce information about milk
production levels and lactation curves characteristics
of dairy ewes in this country, which limits the
implementation of strategies to improve and evaluate
their performance [1].
The lactation curve is a graphical representation of
milk production over time. According to Pollot [2]
studies of complete lactations are rare due to the
common practice of weaning lambs at least 30-day
post-partum. The records of milk production obtained
after this suckling period matches with the declining
phase of lactation, making impossible to estimate the
rising phase and peak of lactation to describe the
complete curve. In order to assess plausible lactation
curves, it is required to record milk yield throughout
the whole lactation [3].
Several mathematical models have been developed
to describe lactation curves. Mathematical models to
fit lactation curves can be classified according with
the deep of approach to the biological process in
empirical and mechanistic. The Wood function [4] is
the most used empirical model to fit lactation curves
because it allows to calculate the main
characteristics of lactation curve as peak yield, time
to peak yield and persistence with only three
parameters (a, b and c). Wood parameters have also
a partial biological interpretation. Several alternative
models are based on the Wood model, such is the
case of Wilmink model [5], with an additional
parameter k which is associated with the peak yield.
The aim of the current work is to evaluate the
goodness of fit of two empirical models to fit
lactations curves of East Friesian sheep in a
temperate region in Mexico.

2. Materials and methods
2.1. Database
A total of 38 lactations comprising 254 test-day
records (TDR) of East Friesian sheep from a
commercial dairy farm located in Jilotepec, Estado
de Mexico, Mexico, were analyzed to investigate the
goodness of fit of two empirical lactation models.
This region is at 2,440 meters above sea level and
presents a mean temperature between 14 and 16°C
and an average annual rainfall of 750mm [6]. All
ewes lambed between August and September of
2019 and lambs were allowed to suck the first 5 days
post-partum. After weaning, ewes were feed with
pasture, silage, wheat hydroponic green forage and
concentrate with 16% of crude protein.
Ewes were mechanically milked twice daily, at 9:00
h and 15:30 h. Only lactations with the following
information were considered for the analysis: ewe
identity, lambing date, lambing number and type of
lambing. Lactations averaged 7.2 TDR with
minimum of five and maximum of 8 TDR, the first
TDR was taken at day 21 post-lambing and lactation
length ranged between 100- and 108-days postlambing.

2.2. Mathematical models
To analyze the lactation curves and their parameters,
we used the two empirical mathematical models:
Wood model [4]:
Yt = atbe-ct

(1)

where Y is the milk production (kg) at time t, and a, b
and c are the parameters describing the curve
shape: a is the production of milk at the beginning of
the lactation (kg), and b and c are the parameters of
inclining and declining slopes of the lactation curve
before and after the peak of production, respectively.
Wilmimk model [5]:
Y = a + bekt + ct

(2)
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Where a, b, and c are associated parameters with
production level (a); milk production increase before
peak (b); and decrease after peak (c) of lactation.
The k parameter assumes a fixed value derived from
a preliminary analysis and is associated with the time
at peak yield [5].
2.3. Evaluation of goodness of fit
The goodness of fit of empirical models was
evaluated using the mean square of prediction error
(MSPE), calculated as:

Table 1. Goodness of fit evaluation of Wood and
Wilmink model fitted to East Friesian lactations.
Model
Wood
Wilmink

MSPE
0.013
0.014

RMSPE
0.101
0.104

AIC
-5.67
-5.03

BIC
-6.11
-4.84

MSPE, mean square of prediction error; RMSPE, root-meansquare prediction error; AIC, Akaike information criterion; BIC;
Bayesian Information criterion.

1.3

𝑀𝑆𝑃𝐸 =

𝒏−𝒑

(3)

where et is the residual for the milk yield at day t of
the TDR, n is the number of TDR in the lactation and
p is the number of parameters of the Wood and
Wilmink models.

Milk yield (l)

1.1

𝟐
∑𝒏
𝒕=𝟏 𝒆𝒕

0.9

0.7

0.5

0.3

0.1
0

20

40

60

80

100

Days in milk

Also was calculated to each lactation the root-meansquare prediction error (RMSPE):
𝑅𝑀𝑆𝑃𝐸 = √𝑀𝑆𝑃𝐸

Figure 1. Lactation curves of East Friesian sheep
fitted using the Wood (−) and Wilmink model (−).
Actual values (•).

(4)

Where MSPE is the mean square of prediction error.
Finally, Akaike information criterion (AIC) and
Bayesian Information criterion (BIC) were used as
indicators to evaluate the goodness of fit of the two
empirical models used.
The Wood and Wilmink parameters were estimated
through the iterative nonlinear curve fitting procedure
of regression analysis using the “nls” function of the
“minpack” package [7] in the R software [8].

3. Results
Criterions of goodness of fit to evaluate the
performance of Wood and Wilmink models applied to
lactation curves of East Friesian sheep are showed
in Table 1. According with the used criteria the Wood
model depicts better fitting of analyzed lactation
curves with lower values of MSPE (0.013 vs. 0.014),
RMSPE (0.101 vs 0.104), AIC (-5.67 vs. -5.03) and
BIC (-6.11 vs. -4.84) in comparison with the Wilmink
model.

Figure 1 illustrates the average lactation curves
using the parameters of the Wood and Wilmink
models and the actual values of milk yield. According
with the lactations curves both models showed an
adequate estimation of milk yield in the second part
of lactation. The differences of fit were allocated in
the first part of lactation, near to peak of lactation,
where the Wilmink model depicts an under
estimation of milk yields.

4. Discussion
According with our goodness of fit evaluation the
Wood model showed a better performance to
estimates milk yield production of East Friesian
sheep in comparison with the Wilmink model.
Although, both empirical models showed adequate
values of MSPE, RMSPE, AIC and BIC.
Our findings are in line with the results of other
studies who compared these models on dairy sheep
lactations. For instance, Bilgin et al. [9] reported a
better fit of Wood model with lactations of Awassi,
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Morkaraman and Tushin sheep, showing lower
values of MSPE in comparison with Wilmink model.

“Rancho el Paraiso” for their kind assistance
regarding data collection of this study.

On the other hand, some studies demonstrate better
performance of the Wilmink model. AngelesHernandez [10] and Ruiz [11] reported better fit of
lactation of dairy sheep using the Wilmink model
with lower values of MSPE. In the same line, Olori et
al. [12] compared this function with other empirical
models (including Wood model) pointing out that
Wilmink is the best model with three parameters to
predict milk yield because it shows the smallest and
least correlated residuals.
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Some limitations have been reported to fit lactation
curves using the Wood model. These limitations
include the underestimation of milk production and
total milk yield, overestimation of yields in the first
part of the lactation curve and a high correlation
between its parameters [2, 13]. Furthermore,
another major criticism of Wood's model is that at
time zero (calving/lambing time) milk production is
also zero, which is biologically incorrect [14].
Mathematical models of lactation curves, like the
ones proposed by Wood and Wilmink, allow to
improve decision-making in relation to management
and breeding [15], therefore a good fit is crucial. The
results of the current work showed that Wood model
have an adequate fit of lactation curves as well as it
shows important advantages such as its simplicity
and accuracy. However, their estimations and
parameters must be carefully interpreted, mainly in
the presence of atypical shapes of lactation curves
[16].

5. Conclusions
Wood model is a useful empirical model to fit
lactation curves in East Friesian sheep housed on
commercial farms under temperate climate
conditions in Mexico.
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