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Resumen

Este articulo presenta algunas propiedades y relaciones que existen entre los operadores fraccionarios en el sentido de Riemann—
Liouville y de Atangana—Baleanu. En particular, se presenta una demostracién de la férmula de integracién por partes cuando la
derivada fraccionaria de Atangana—Baleanu es considerada. Como una aplicacién de estas propiedades, se analiza el problema
clédsico de la determinacion de las curvas geodésicas en el plano considerando la derivada fraccionaria de Atangana—Baleanu. La
introduccioén de la derivada fraccionaria en el funcional que describe el problema de optimizacién se realiza mediante el método de
fraccionalizacién. Los resultados obtenidos se comparan con el problema clésico.
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Abstract

This paper presents some properties and relations that exist between fractional operators in the sense of Riemann—Liouville
and Atangana—Baleanu. In particular, a proof of the integration by parts formula is presented when the fractional derivative of
Atangana—Baleanu is considered. As an application of these properties, the classical problem of determining geodesic curves in
the plane is analyzed considering the fractional derivative of Atangana—Baleanu. The introduction of the fractional derivative in
the functional describing the optimization problem is performed by means of the fractionalization method. The obtained results are

compared with the classical problem.
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1. Introduction

A fractional derivative D® of order @ > 0 is an operator that
generalizes the ordinary derivative in classical calculus. In this
sense, the origin of fractional calculus arose as a problem of
generalizing the notion of derivative D"x(f) = %x(z‘) when n
is a fraction; see Oldham and Spanier (1974). The possibility
of generalizing the concept of derivative, as well as the concept
of integral, is a problem that has been addressed by different
mathematicians, among whom we can mention Euler, Laplace,
Fourier, Riemann, Liouville, Abel, etc., and therefore, a frac-
tional derivative has different definitions that generally do not
coincide. A classification of some fractional derivatives can be
consulted in Baleanu and Fernandez (2019) and Sales-Teodoro

*Autor para correspondencia: c0333764 @uaeh.edu.mx

etal. (2019).

The diversity of such definitions is due to the fact that, in
general, fractional operators have different kernel representa-
tions for different function spaces. This is the reason for using
different methods to define a derivative, as well as an integral,
of fractional order. Among all these methods to calculate a frac-
tional integral, the most used approach is that of the Riemann—
Liouville fractional integral, which is a generalization of the
Cauchy formula for repeated integration of classical calculus;
see Samko et al. (1993). However, in recent years alternative
approaches for derivatives and integrals of fractional order have
been proposed. One of the reasons for these new approaches is
due to avoiding the singularity that is present at the end point of
the integration interval for the Riemann—Liouville integral. In
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this sense, Atangana and Baleanu suggested replacing the ker-
nel of the Riemann-Liouville operator with a function called
the one-parameter Mittag—LefHler function; see Atangana and
Balenu (2016). This approach was also proposed in Caputo and
Fabrizio (2015) for another type of fractional derivative.

It is known that one of the first applications of fractional
calculus is due to the research of Niels Henrik Abel in his study
of one of the classical problems of the calculus of variations:
the generalization of the tautochrone problem, see e.g. Pod-
lubny et al. (2017). However, a formal analysis of a problem of
fractional calculus of variations in non-conservative systems is
presented in Riewe (1996, 1997), and after these investigations,
a series of papers were published in which different applica-
tions of the fractional calculus of variations are studied; see
e.g. Agrawal (2002), Baleanu (2009), Almeida et al. (2012),
Coronel-Escamilla et al. (2016) and Chatibi et al. (2019).

In this paper, we analyze some relations between fractional
operators in the sense of Riemann-Liouville and Atangana—
Baleanu based on the results of Baleanu and Fernandez (2019).
Using these properties, we obtain the integration by parts for-
mula for the fractional derivative of Atangana—Baleanu in order
to obtain the Euler-Lagrange equation that allows solving the
fundamental problem of the calculus of variations with the frac-
tional derivative of Atangana—Baleanu. As an application, we
analyze the classical problem on the determination of geodesic
curves in the plane using the fractional derivative of Atangana—
Baleanu. The results obtained are compared with those shown
in Chatibi et al. (2019).

2. Some properties and relations of the fractional deriva-
tives of Riemann-Liouville and Atangana—Baleanu

We present the preliminaries on the fractional derivatives
of Riemann-Liouville and Atangana—Baleanu and their main
properties that we will use throughout this paper.

Letp e Rwithl < p < o0, k € NU{oo} and a,b € R
with a < b. Let Q = (a,b). We denote by C¥(Q) the space of
functions whose k-derivative is continuous in Q, by Cy(Q) the
space of continuous functions with compact support on €, and
by L,(Q) the space of functions for which the p-th power of its
absolute value is Lebesgue-integrable on Q. For each function
x € L,(€), we consider the norm defined in the usual way by:

1
b »
Il = ( f (O dt) .

The abbreviation ,/, is sometimes used to denote the inte-
gral operator

allx(t)zfx(s)ds,

where the integral is understood in the Lebesgue sense.
We consider the Sobolev space

WP (Q) = {x € L,(Q) : exists y € L,(£) such that

b d(,D b _
f X(I)E(t) dr=—- f y()(t) dt for all ¢ € C(T(Q)},

where C° (Q) = C¥(Q) N Cy(Q). In particular, we consider the
following notation that is used: H'(Q) = W'2(Q). It is well
known that C'(Q) c H'(Q); see e.g. Brezis (2011).

We also recall the following particular case of the well
known Fubini’s Theorem: let f: Q X Q — R be a measurable
function, then

b s b b
fff(s,t)dtdszfff(s,t)dsdt, (1)

assuming that one of these integrals is absolutely convergent;
see e.g. Samko et al. (1993).

2.1. Definition and properties of Riemann—Liouville fractional
operators

It is well known that in traditional calculus, the integral of a
function x € C'(Q) can be considered as the inverse operation
of differentiation, that is, it holds

%ullx(t) = x(¢).
According to this reasoning, a traditional approach in fractional
calculus is to first obtain a fractional integral and then, in a
next step, obtain the fractional derivative of a function. This
method is usually used in fractional calculus to obtain, as a par-
ticular case, the integration and differentiation operators in the
Riemann-Liouville sense; see e.g. Ross (1975). We briefly re-
view this approach.

If the operator I, is applied n-times to x € C(Q), that is, if
we consider the operator defined by ,I7x(¢) = I, 17~ x() for
n > 2, then we get

! Tn—1 11
al?x(t)sz f x(t9) depdty - - - dt,_q.

The use of Cauchy’s repeated integration formula can be used
to reduce the previous expression to a single integral

() = ﬁ fa (t — )" ' x(s)ds.

A similar argument can be used to show that

1 h
,1;;x(t):m f, (s =" 'x(s)ds.

If we introduce the following notation (n— 1)! = I'(n) into these
expressions, where I'(z) = J;)oo s le™s ds is the Gamma func-
tion, then we obtain the following generalizations of fractional
order integrals.

Definition 1 (Miller and Ross, 1993). The left-sided fractional
Riemann-Liouville integral of x € L;(Q) of fractional order
a € (0, 1) is defined as:

RL ya _ L ft _ a1
oA x(t) = @) J. (t— )" "x(s)ds.

Similarly, the right-sided fractional Riemann-Liouville integral
of x € L1(Q) of fractional order a € (0, 1) is defined as:

b
RLrex(r) = % f (s — )% 'x(s)ds.
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We note that, since @ € (0,1) and x € L;(Q), the integrals
RL1ox(r) and RLI¢x(7) given in the Definition 1 exist for almost
allr € Q.

Sometimes it is required to define ®L/¢x(r) and RI9x(r)
when @ — 0, in that case, we consider the following defini-
tions:

RE10x(1) = x(o), )
RL19x(t) = x(1). 3)

The motivation for these definitions is due to the following rea-
soning given in Atanackovi¢ et al. (2014). If we assume that
x € C1(Q), after integrating by parts, we obtain

1 o ! Ldx
Fatl) (x(a)(t—a) +fa(t—s) a(s)ds),

RL1o (1) =
so that,
. o " dx
lim RL1e x(t) = x(a) + f 3, (9 ds = x(0).

A similar argument is used to motivate the definition of the
identity RL19x(1) = x(1).

‘We have assumed in Definition 1 that x € L;(Q2), however,
we can assume more generally that x € L,(Q) with p > 1. In
this case the following result is obtained.

Lemma 1. [fx € L,(Q) with p > 1, then RL1%x € L,(Q).

Proof. We choose p > 1 and ¢ > 1 so that % + é = 1 and
observe that

[RL1ex()| = r( @ f (t— )" 'x(s)ds

< @ f It = 5|7 x(s)| ds

1 . .
- t@ f 6= 5|7 |t = 5|7 |x(s)| ds.

Now, using Holder’s inequality, see e.g. Bartle (1995), we ob-
serve that

t
ol ol
flt— sl o |t = sl 7 |x(s)|ds
a

< (f (It—s|ﬂc_zl)qu)q (f (|t—s|077]|x(s)|)p ds)l)
<& “) ( f It = s (o)l ds) ,

where the last inequality is obtained by noting thatt—a < b—a
for all ¢ € Q. It follows that

b — q)¥r-D
oo™ f It — 51 x(s)I” ds.

T(a)Par- T(ayrar!

R x| <

As a consequence of the previous inequality, we observe that
b )
RL ya RL jo
stz o, = [ Il o

_ alp-1) b t
c-a™ f f I — sl x(s)lP dsdr.
Fyrer-t J, Ja

92

On the other hand, using the particular case of Fubini’s Theo-
rem given in (1), we obtain

b t b b
f f |t = s x(s)|P dsdr = f f It = sV x(s)|” drds
a a a b t b
=( f It—sl"_'dt)( f Ix(s)l”ds)
@ b
PR Gl f x(s)I” ds,
a a

where the validity of the inequality b — s < b —a for all s € (Q)
has been used. Finally, if we consider the above inequality and

take the p-th root, we get
(b a)” f »
“al@) ( [x(s)| ds ,

that is, we obtain the inequality:

[Fetl, 0 <

RL jo (b-a)”
” L XHL,,(Q) = al"—@”x”Lﬁ(Q)’ @
which shows the desired result. O

An alternative method of obtaining the inequality (4) is
shown in Samko et al. (1993). A consequence of Lemma 1
and the properties of the spaces L,(€2) with p > 1, is that if
x € Li(Q), then RL1%x € L;(Q); see Bartle (1995).

It is known that the left-sided and right-sided fractional
Riemann-Liouville integral satisfy the following semigroup
properties:

RLpe R x(r) = REIRLIE x(r) = L7 x(0), )
REJoRLP x(t) = RLIDRL 1 x(r) = R0 () (6)

see Miller and Ross (1993). The proof of the first identity in
(5) is obtained from the corresponding definitions. In fact, we
observe that

RL yorRL fx(r)_r( )f( t— )" lr(ﬁ)f(s—r)ﬂ x(t) drds

= —F(a)F(B) fa fa (t = )% (s = P 'x() drds

= m fa x(7) fT (t =) (s — v dsdr,

where we have used the particular case of Fubini’s Theorem
given in (1). If we choose s = o°(f — 7) + 7, then we obtain that

' 1
f(t -5 (s -1l ds = (1 — 7)*F! f (1 -0 e do
s 0
= (- 0" B, p),
where B(a,8) = fol(l — )% 1oB1 do is the Beta function. On

the other hand, since B(a, B)I'(a+f) = ['(@)I'(8), see e.g. Lebe-
dev (1965), we finally obtain that

RL RL
L1 R x(n) =

e +ﬁ) f (t =)™ x(m) dr = R,
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A similar argument is used to show the second part of the iden-
tity (6) and the identities in (6). In particular, we have
Reli a0 = FGI R x, ke . @)

The above relation shows that fractional Riemann-Liouville in-
tegrals have a nice composition property, namely, the fractional
Riemann-Liouville integral of a fractional Riemann—Liouville
integral is a fractional Riemann—Liouville integral of a certain
corresponding order.

Now we can introduce the Riemann—Liouville fractional
derivative.

Definition 2 (Miller and Ross, 1993). The left-sided fractional

Riemann-Liouville derivative of x € L;(Q) is defined as:

RL pa Lifl _ a1
D x ()_F( S (t— 9" x(s)ds.

Analogously, the right-sided fractional Riemann—Liouville
derivative of x € L(Q) is defined as:

RL 1d -1
Dy x(t) = foz)d_tj; (t— )" x(s)ds.

The following identity will be used later.

Lemma 2. Let p,q > 1 with % + é =
y € Ly(a, b), then

1. If x € L,(Q) and

b b
f x(0) REry(r) dr = f yORLIEx(p) dt.

a a

Proof. We first observe that from Holder’s inequality, see e.g.
Bartle (1995), it follows that xRL7%y and yRL7%x are elements
of L1(Q). Thus, from the Definition 1 and the particular case of
Fubini’s Theorem given in (1), we obtain

b
fa x(t) RL1y(1) dr = f f m(z
ff m(l—s)" L x(0)y(s) deds
f}’(s)ﬁf(t—ﬂa Ux(¢) deds

b
= f yORLIEx(r) dt,

$)* ' x(0)y(s) dsdr

which shows the desired result. O

2.2. Definition and properties of Atangana—Baleanu fractional
operators

In this section we recall some basic notions related to the
Riemann-Liouville and Atangana—Baleanu fractional deriva-
tives. We start with the definition of the Atangana—Baleanu
fractional derivative.

Definition 3 (Atangana and Balenu, 2016). The left-sided
Atangana—Baleanu fractional integral of x € H'(Q) is defined
by:

C X0 + —— RL17x(p),

ABIOX() = T

1-
B(a)

where B(x) is a function that satisfies: B(0) = B(1) = 1. Analo-
gously, the right-sided fractional Atangana—Baleanu integral of
x € H'(Q) is definided by:

@ RLja
B( ) (l‘)+m tI X([)

We observe that if x € H'(Q), then

Mpx(n) =

ABIOx(1) = lim AB 1% x(t)

1—
= liII(l) ax(t) hm 2 RLI‘lx(t)

B(a) 0 B(a)
= x(1),

since B(0) = 1 and RI,;I?x(t) = x(#), according to the defini-
tion given in (2). In a completely analogous way we have that:
ABIOx(1) = x(1).

The following properties of the Atangana—Baleanu frac-
tional integral are valid.

Lemma 3. For each x € H (Q) it holds

B _ B A
ABIeRLIP (1) = BL 1P AB 1% x(n), 8)

ABIORLIP x(t) = RLID AB I x(1). )
Proof. From Definition 3 and the identity (5), we obtain:

1-a
B _ B ﬁ
ABJERLIS (1) = L ORI )y O RLpeRLp )

B@) ' B(a)
— l_RL B RL ;8 RL ja
= 3@ ¢ I x(r) + (a/) pd (e b 1 ()
(1 _ ¥ RLjo
= I’(B() x(t) + B@) oI x(1)

= RLPAB e y(p).
A similar argument is used to show the identity in (9). O

The following result shows that the semigroup property is
also valid for the Atangana—Baleanu fractional integral.

Lemma 4. For each x € H'(Q) it holds

ABJa AB IB v(r) = ABIFAB 1o x(p), 10)
AL M) = AS1 A ). (11)

Proof. From the Definition 4 and Lemma 3, we obtain:

1 —
ABIOAB IS () = — S AB () + —— RLITAB B y(p),
B(a) B(a)
I —a g p AB B RL
= G x(t) + —— 21 T (1)
B(a) B(a)
1-
AB 8 RL ja
=0 —— (t)+— AT x(1)
[ B(a) B(a)
= ABAB 19 (1.
A similar argument is used to show the identity in (11). O

Lemma 5. For each x,y € H'(Q) it holds

b b
f x(6) B 1% (r) dr = f y() ABIY x(2) dt.

a
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Proof. Applying the Definition 4 and the Lemma 2, we obtain
the following identities

b
[ oo

b
@ RLja
fa (t)(—B( )y() B ol y(t))dt

b
oy f 00 di+ s [ a0 St

B(a)

Lo T owodie [y
~ Bl xy B J, M\

b
— RL ja
. f y(r)(—B() )+ g x(t))dt

b
= f YO ABI x(1) dt,

which shows the desired result. O

Next we introduce one of the most important functions of
fractional calculus.

Definition 4 (Gorenflo et al., 2020). The Mittag—Leffler func-
tion of a parameter « € (0, 1) is defined as:

+00 k

Z
Ea(Z)—kZ:(;m, z€C.

We observe that the series that defines the Mittag—LefHer
function E,(z) converge on the whole complex plane, and such
a function is a natural generalization of the exponential function
with base e, that is, ¢ = E(2).

An application of the Mittag—Lefller function is that it forms
the basis of the definition of the Atangana—Baleanu fractional
derivative, which is introduced as follows.

Definition 5 (Atangana and Balenu, 2016). The left-sided frac-
tional Atangana—Baleanu derivative in the Riemann—Liouville
sense of a function x € H'(Q) is defined as:

R D = T f )y (—talt — 5)*) ds,
-adt J,

where u, = 7% and B(x) is a function that satisfies the iden-
tity: B(0) = B(1) = 1. Analogously, the right-sided fractional
Atangana—Baleanu derivative in the Riemann-Liouville sense
is defined as:

B(a) d

b
T-—adr f X(8)Eq (—pa(s — 1)) ds.

AR D (1) =

There are definitions of the left- and right-sided Atangana—
Baleanu fractional derivatives in the sense of Caputo that are
not used here, but which are closely related to the fractional
derivatives introduced in Definition 5, see Atangana and Balenu
(2016). On the other hand, it is sometimes appropriate to have
alternate representations of the left- and right-sided Atangana—
Baleanu fractional derivatives other than those given in Defini-
tion 5. These representations are obtained by considering the

Mittag—Leffler function as a power series. Indeed, from Defini-
tion 4, we alternatively obtain the following identity for the left-
sided fractional Atangana—Baleanu derivative in the Riemann—
Liouville sense; see Baleanu and Fernandez (2018):

B(e) d
1-ad

~ B(a) d (=) (1 = )™
- adtf ()Z Tak+D) 9

CB@ S (w) d o
“T-a r(ak+1)dtfax(s)(t )™ ds

ABRDY (1) = —= f X(8)Eq (—pto(t — $)%) ds

r—5)ds

_ B(a) (—pto)*
B Z [(ak)

_ B(@) . \kRLjak
= l_a;< o) G ),

that is, we obtain the following alternative representation for
the left-sided fractional Atangana—Baleanu derivative in terms
of the left-sided fractional Riemann—Liouville integral:

!
x(s)(t — ) ds

o B@ < y
D) = T kzoj (=) REIx(0). (12)

A similar expression for the right-sided fractional Atangana—
Baleanu derivative in terms of the right-sided fractional
Riemann-Liouville integral is obtained:

ABR 1) (1) = —f (_“; > (pa) BRI (1), (13)
k=0

We observe that the terms of the series (12) and (13) are
well-defined for almost all ¢ € Q, since the fractional integrals
in the Rieman-Liouville sense kL7 ?kx(t) and Rl;lgkx(t) are well-
defined for almost all # € Q and k € IN, which follows from (7).
Furthermore, it is clear that if *PXD?x(¢) and *PRD¢x(r) exist
for almost all ¢ € Q, then the series on the right-hand sides of
(12) and (13) are convergent for almost all € Q.

The following result shows the relation between the frac-
tional integral and the fractional derivative in the Atangana—
Baleanu sense.

Lemma 6. Let x € H (Q) and « € (0, 1), then it holds
ABR D& AB 19 x(1) = ABIZ ABR D x(1), (14)
ABR DY AR IR x(r) = AT AR DY x(@). (15)

Proof. In the first part, we apply the identity (12) and Lemma 3
Dy A8 = 2O S gt
=
-2 kf; (o) A1 R
= sy | ) i (o) Rbl?"x(r)]

AB jo ABR
= 20017 2P DY x(D).

The identity in (17) is obtained analogously. O
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An extension of the identities (14) and (15) that is obtained
from (12) and (13) is the following: if *®% D?x(r) and *BR D x(r)
exist for almost all r € Q, then

ARDT T x(n) = S D () = x(), (16)

Dy AL x(n) = ML D) = 2. (A7)
In reality, to show the identity (16) it is enough to observe that
for almost all £ € Q:

ABR pyo AB
D P ol X (1)

_ ABR o 1- RL ra

= ABR s ( B )x(t) - (a) Ly x(,))

_ 1 - agr e @ ABRpyaRLje

= @ D x(t) + B( ) D [ x(©)

= Z (=t RL% x(p) — Z (=g REPEHD
k=0 —

_ RII;I(t)x(t) n Z (—)**! RI;I;Y(kH)x(t)
k=0

_ Z (_’ua)k+1 RI;I;l(kH)x(t)
k=

= x(1),

where we have used the identity (2) and the fact that the series
Yo (—po) ! REI;I(I‘H))C(I) is convergent for almost all 1 € Q
since AB%D;VX(I) exists for almos all r € Q. The identity (17) is
shown analogously.

We conclude this section with the following result that will
be important in Sect. 3: the integration by parts formula.

Lemma 7. For each x,y € HY(Q) it holds

b b
f x(t) *BRDey(f) dt = f y(®) ABRDY () dt.

a a

Proof. By the identity (12) and the particular case of Fubini’s
Theorem given in (1), we obtain

b
f x(£) *BRDYy(1) dr
f (r)[ Ha )Z( ua)"RLI“"y(r)] dr
B(a) (—ta)* ko1
mf x(t)[z Fab fa(z—s) y(s)ds] dr
B(a) f f —,ua)
T-aJ, J. 4 T@ o !
_ B(a) f f —,ua)
. LT ol
B(a) (_/Ja) k-1
—1_afay(s)[; e f(t 5) x(t)dt] ds
b B Ll
[ [% 3 () Rkl;;kwa ds
a k=0

b
= f ¥(s) *BRDY x(s) ds,

a

— ) x(r)y(s) dsdr

— )™ x(0)y(s) deds

which shows the result. O

There are other versions of the integration by parts formula
that are known in the literature, among which we can mention:
Abdeljawad and Baleanu (2017), Abdeljawad et al. (2019) and
Chatibi et al. (2019).

3. The fundamental problem of the calculus of variations
with fractional derivatives

It is known that the calculus of variations is a generalization
of elementary calculus in which the main problem consists of
finding the maximum or minimum values of continuous func-
tionals that are defined in some pre-established space of func-
tions; see e.g. Freguglia and Giaquinta (2016) and Troutman
(1996). A main feature of the calculus of variations is that some
phenomena can be modeled by a functional J: D(Q) — R
which is described by an integral operator of the form

b
J[x] = f L(t, x(¢), x(1)) dt,
where D(Q) is some set of functions defined a priori and
Q = (a,b) is an interval such that a < b (the point b may be
known or unknown). The scalar function L: Q x R? — R is
called a Lagrange function, and may not depend on each of its
arguments. In this sense, the fundamental problem of classical
calculus of variations consists in finding the extreme values, if
they exist, of the functional J[x] on the set D(Q), that is, deter-
mining a function X(¢) € D(Q) such that

JIx] = inf J[x].
x(H)eD(Q)
(Equivalently, we can consider the problem of finding a func-
tion X € D(Q) such that J[X] = sup,,cpe J[x].) It is well
known that one of the tools that allows solving this optimiza-
tion problem is formulated in the following result, known as
Lagrange’s Lemma.

Lemma 8 (Troutman, 1996). Ifg € C Q) and

b
f g(Oh(r)dr =

forallh e C(Q) such that h(a) = h(b) = 0, then g®)y=0on Q.

In this paper, we consider a generalization of the fundamen-
tal problem of the calculus of variations by considering a func-
tional J: D(QQ) — R defined by

b
Jx] = f L(t, x(1), “BR D x(1)) dt, (18)

where

D(Q) = {x e CHQ) : x(a) = x, and x(b) = xp},
and where x,,x;, € R are constant values. In this case, the
fundamental problem of the calculus of variations consists of

solving the following optimization problem:

inf . 1
x(z)lenD(Q) J1x] (19
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It is well known that if X(f) € D(QQ) allows solving this opti-
mization problem, then the following necessary optimality con-
dition is satisfied:

JIX + eh] — J[X]

lim —— =0,
e—0 €

. J[x+eh]-J[x
Iim ——mM—

e—0 €

b
= f (Z_I;(” (1), PRDIR(0))A(1) +

a

b
JIx] _ f %L(t, (1) + eh(), BRDE (X(1) + eh(1))

b oL oL
= f a(t,;z(t),A‘*‘;D;%z(t))h(;)dt+ f SRR

where h: Q — IR is a function such that X(¢) + k() € D(Q),
and as a consequence, such a function satisfies the conditions
h(a) = h(b) = 0; see e.g. Troutman (1996). If this condition
is applied to the functional defined in (18), and Lemma 8 is
applied, then the following chain of equalities is obtained:

dr
e=0

— g (& X(0), *PE D] x(1)) ABED"h(z)) dr
ABRpox ! !

b

(1, %(t), “BRDx(1)) *BR DY h(r) dt

a l

oL

b oL b
= f a(z,;z(z),ABED;’x(z))h(z)dr+ f ABR,D“aABT(t,x(z),AB‘j,D?x(z))h(t)dt

P(OL, _  aBr o ABR o
=[1 a(l,x(l), oDy E(D) + 75Dy

|
Now, according to Lemma 8, if X € D(Q) solves the op-

timization problem (19), then the following equation, called
Euler-Lagrange, is obtained:

oL (l %, ABRDa ) ABRD(Y oL
6x b §ABR D(ty X

(. %P8 D7x) = 0. (20)

Finally, we consider a classic example of calculus of varia-
tions: the problem of determining geodesic curves in the plane.
To analyze this example, we use the fractionalization method
discussed in Gomez-Aguilar et al. (2014) to introduce frac-
tional derivatives into the functional that models the geodesic
problem. This method consists of introducing a new parameter
o that represents the components of the time in the fractional
Atanga—Baleanu derivative with a suitable dimensionality, that
is, we assume the following assignment:

d 1

ABR @
dt ol i,

ae ).

Example 1. We consider the following functional from the
geodesic problem defined by

b b
J[x] = f L(t, x(2), x(2)) dt = f V1 + 22 dr,

with x: Q — R a differentiable function such that x(a) = x,
and x(b) = x;; see e.g. Troutman (1996). Now, if we apply the
fractionalization method, then there exists a non-zero constant
o € R such that

ABRD”x(t) with 0 < @ < 1.

—(l)

Then, we obtain the new functional to minimize:

J[x] = f \/1+

Thus, we see that if the functional J admits a minimum at
X, then this function satisfies the following reduced form of the

2
ABRD"x(t)) dr.

a I
Wc(t’ (1), AB‘ZD;’X(t))) h(t)dt = 0
a—t
Euler—Lagrange equation (20) which is obtained by observing
that L does not depend on Xx:

ABR no oL

ABR
t baABRDa D
a—t

(1, %, X) =

L ABR pos
_ ABR )0 g aDi X

t b
e
ABR na =
aDIx

1 ABR
O-l—a IDZ | ABR 2 = O’
\/ 1+ (= AP De)

2
ABR R per )'c)

which implies that,
ABR pyo &
DY x

\/ 1+ (A= ABED;*X)Z

with k¥ € R a constant. From this expression we obtain the
following fractional linear differential equation:

I-a
ABR oz _ ko
a—t .
Vo2(-o) _ 2
Now applying “B7?, and taking into consideration the identity

(16), we obtain,

- AB o ko'
() =" 0 | ——
Vo2(-a) — 2
ko' 1- 1 !
= g ( a+ ad f(t—s)"_lds),
Vo2(-0) 2 \ Bla) B(o)I'(e) J,
that is,
- (t—a)
x(t) = (1 a+ ) 21)
B(a) I'(a)
with
= ko_l—(y
0= Vo2i-a) _ ;2
We observe that if we choose k( such that x, = B(q) =2k and x;, is
defined by the equality
1 b-a)*
=x,(1+— , 22
e x(+1—a F(a)) 22)
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then
(1) = xa(l L Gl

l-a T | 23)

Since x, and x; are arbitrary, as are the constants a and b,
the relation (22) is not always satisfied, unless it is possible to
choose a € (0, 1) so that this relation is satisfied. In such a case,
it is clear that the inequality x, < x; must hold. On the other
hand, it is observed that if we take the limit @ — 1 in (21), then
it is necessary to choose x, = 0 in order to obtain the geodesic
curve X ax,

b- at b-a’
We recall that in the classical calculus of variations, the
geodesic curve in the plane is described by

x(1) =

Xp — X, ax;, — bx,
)_C(I)Z b a, b a

b-a b-a ’

(24)

see Troutman (1996). Similar results can be found in Chatibi
et al. (2019).

In Figure 1, we show a comparison between the solutions
(23) obtained with fractional order derivatives and the classi-
cal solution (24) obtained with derivatives of integer order, us-
ing GNU Octave 7.2. As a particular case, we choose a = 0,
b=35,x, =1and x;, = 5. We observe that only by choosing
a = 0.5820, we obtain an approximation of the solution that
solves the problem proposed in the calculus of variations with
fractional derivatives, but that such solution does not coincide
with the classical solution obtained in the calculus of variations
with derivatives of integer order, except at the extreme points
(a, x,) and (b, xp).

Fractional solutions vs classical solution

10 . :
— «a = 0.3000
— a = 0.5000
8 a = 0.5820
— a = 0.7000
— Classical solution
6 L 4
)
I8
4
2

Figure 1: Comparison between fractional solutions and classical solutions ob-
tained in the Example 1.

4. Conclusions

In this paper, we have presented the relations that exist be-
tween fractional operators in the sense of Riemann—Liouville
and Atangana—Baleanu. We have also presented a variational
problem that depends on the Atangana—Baleanu derivative: the
problem on the determination of geodesic curves in the plane.

We have established the necessary optimality conditions for the
fundamental problem of the of fractional calculus of variations.
Finally, it would be interesting to extend this work and study
the problem on the determination of geodesic curves defined on
surfaces of revolution.
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