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Wave equations for spin—% quantum fields.
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Resumen

En este trabajo revisamos formulaciones de ecuaciones de onda para campos de espin 3/2 construidas a partir de diversas
representaciones del grupo Lorentz. Analizamos la representacion quiral de un sélo espin de Joos-Weinberg y la representacion
quiral de espin doble, centrandonos en la estructura de su base covariante de operadores. Exploramos el formalismo de Duffin-
Kemmer-Petiau (DKP) y algunas de sus propiedades algebraicas, originalmente introducidas para particulas de espin 0 y espin
1, aqui consideradas como un marco potencial para el espin 3/2. Como resultado, recuperamos la ya conocida representacion de
Rarita-Schwinger y encontramos una posibilidad novedosa en la representacion (1, %) &) (%, 1) @ (%, O) <] (0, %)

Palabras Clave: Espin 3/2, Ecuacién de onda covariante, Grupo de Lorentz,Ecuaciéon DKP

Abstract

In this work, we review formulations of wave equations for spin-3/2 fields constructed from different Lorentz group represen-
tations. We analyze the Joss-Weinberg single-spin chiral representation and the double-spin chiral representation, focusing on the
structure of their covariant operators. We explore the Duffin-Kemmer-Petiau (DKP) formalism and its algebraic properties, origi-
nally introduced for spin-0 and spin-1 particles, and here considered as a potential framework for spin 3/2. As a result, we recover

the well-known Rarita-Schwinger representation and we find a new possibility in the (1 . ) @ ( ! 1) @ (3 O) @ (O, %) representation.
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1. Introduction.

The Standard Model of particle physics is an interacting
Quantum Field Theory, or QFT (Weinberg, 1995), describing
all known particles and interactions with remarkable accuracy
(Navas et al., 2024). To do so, it employs only massive spin
zero scalar fields, spin % massless Dirac spinors, and helicity
+1 massless vector fields (McCabe, 2007). Other types of fields
have neither been experimentally discovered nor ruled out on
grounds of mathematical consistency or physical necessity. De-
spite its undeniable success, the Standard Model faces several
challenges. It has many free dimensionless parameters exhibit-
ing large hierarchies between them, and it does not account for
neutrino oscillations, the matter—antimatter asymmetry of the
universe, and the nature of dark matter and dark energy (Ellis,
2012; Abdalla et al., 2022).

Solving these questions requires us to go beyond the Stan-
dard Model (BSM) and perhaps even beyond quantum field the-
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ory. This requires not only the phenomenological exploration
of QFTs such as Grand Unified Theories, but also a systematic
exploration of the limits and consistent possibilities permitted
by the principles of quantum field theory. One such exploration
is the construction of novel QFTs for the description of matter
fields, which can then become ingredients in the phenomenol-
ogy of BSM theories.

Spin % particles exist as hadronic excitations in the QCD
spectrum (Anderson et al., 1952). In supergravity scenarios, a
massive gravitino with spin % also appears upon the SSB of su-
persymmetry(Ellis et al., 1984). Historically, the description
of such spin % particles has been carried out in the Rarita-
Schwinger vector—spinor formalism (Rarita and Schwinger,
1941). However, this description is known to be inconsistent
when subject to general interactions. (Velo and Zwanziger,

1969).

In the present work, several possible frameworks for the de-
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scription of spin % particles are examined, and two novel possi-
bilities are identified.

2. Representation theory for Poincaré quantum fields.

We know since seminal work by Wigner (1939) that ele-
mentary systems correspond to unitary irreducible representa-
tions of the Poincaré group 10(1,3) = R'? x O(1,3). A gen-
eral transformation in this group can be written as:

8, N)=T(b)A, ey

where b represents a spacetime translation, and A is a proper
Lorentz transformation A € O(1, 3).

Any field that transforms irreducible under the action of the
operators of the full Poincaré group, will correspond to the idea
of an elementary system. In particular, this means that it be-
longs to one of the orbits of Wigner’s classification:

1. m? > 0, with well-defined values for the Casimir opera-
tors C; = P> and C4 = W? with W7 = 3¢"”"P,M,,, and
eigenvalues w? = —m?s(s + 1).

2. m = 0 with P° > 0, with well defined value for the helic-
ity Ain WH 4+ AP* = 0.

3. m =0y P* = 0, which uniquely corresponds to what we
call the vacuum representation.

4. m* < 0, with well-defined values for the Casimir oper-
ators C; = P? and C4 = W? with W% = €. (These are
called tachyonic representations).

In the following we will center our attention in representations
in the first orbit, that is, fields associated with massive particles.

The spacetime translation comprise an invariant subgroup
of the Poincaré group; the existence of such a subgroup in turn
means that the Poincaré group is neither simple nor semisim-
ple. Its irreducible representations, in consequence, are built
from the representations of the Lorentz subgroup as induced
representations (Raczka and Barut, 1986). For this reason, we
now turn to the representation theory of the Lorentz group.

There is a well-known small dimension isomorphism be-
tween the Lorentz algebra so(1,3) and the direct sum su(2) &
su(2). At the group level this manifests as

SO(1,3) = (SUQ2) x SU(2)) /Z,. 2)

This isomorphism allows us to exploit the representation the-
ory of SU(2); representations of SO(1, 3) can be labeled by two
semi-integers (a, b). The irreducible representations of O(1, 3)
have two forms: (a,b) for a = b, or (a,b) & (b,a) for a # b.
Therefore, our Poincaré matter fields with definite m?2 and defi-
nite W2 (or s) will also need a label (a, b) to tell us which O(1, 3)
representation was used to construct it. Fields with the same
values for m? and s are equivalent as free fields, but not neces-
sarily as interacting fields. (We will use the symbol (a, b), to
denote the direct sum (a, b) ® (b, a) if a # b, and (a, D), = (a,b)
when a = b).

We can use a given (a, b), representation to induce a m?, j)
Poincaré field if

jella=blla=bl+1,...a+b). A3)

A Poincaré field in the massive orbit (m?, j) propagates
2j + 1 degrees of freedom. An (a, b), representation contain-
ing j will in general consist of more degrees of freedom, which
requires the presence of constraints. As we will discuss below,
wave equations are a covariant record of the way in which a
Poincaré field is induced by some Lorentz representation and
the unwanted degrees of freedom are projected out. As per
Weinberg (1964a), “a free-field equation is nothing but an in-
variant record of which components are superfluous”.

In general, if we are interested in spin j fields, we would
like to have it as the highest spin contained in the (a, b), repre-
sentation. With this condition in mind, we can find spin j in the
representations

3 3)
-=,=] ... “)
2°2),

(:0) ,(j— 1,1) G- 1D ,(j
2°2
X
Relativistic QFT requires the careful management of con-
straints, with fundamentally result from the use of Poincaré rep-
resentations induced by Lorentz representations. Theories with
many constraints quickly become unwieldy. In particular, even
if they have the correct counting of degrees of freedom as free
theories, the introduction of interactions can produce the prop-
agation of ghosts, that is, solutions with negative kinetic energy
and the wrong spin (Boulware and Deser, 1972). An early ex-
ample of this is the massive Proca and Rarita—Schwinger equa-
tions, where minimal coupling with an electromagnetic field
was shown to produce effects such as superluminal propagation
of some degrees of freedom as well as the loss of the canoni-
cal commutation rules (Velo and Zwanziger, 1969; Johnson and
Sudarshan, 1961).
For this reason, we only consider representations (a,b),
with at most two spin sectors. This means that we only have
three possibilities for the description of spin j:

1. Non—chiral representations (%, %) for j =0, 1 only.
2. Single spin chiral representations (j, 0),.

3. Double spin chiral representations ( Jj— %, %) ,

1

and of course, direct sums of these. For j = 0, 5, 1 these include

all of the fields used in the Standard Model.

In this note, we will review existing wave equations for
spin (3/2), the Joos-Weinberg single—spin chiral representation
(%,O) @ (0, %), the double—spin chiral representation (1, %) @
(% 1), and consider the Rarita—Schwinger

elblebl)
(el o

representations as generalizations for half-integer spin of the

Duffin-Kemmer-Petiau (DKP) construction (Petiau, 1936; Duf-
fin, 1938; Kemmer, 1939).

and the novel
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3. Covariant bases and wave equations

Covariant relativistic wave equations are hyperbolic par-
tial differential equations in space and time, with coeflicients
that have definite transformation properties under the Lorentz
group. For a given (a, b), it may be possible to construct sev-
eral unequivalent wave equations.

In order to classify all covariant relativistic wave equations
or CRWE:s for a representation on a vector space V, we need to
characterize the general lineal group g/(V) with respect to the
action of the Lorentz group. We will use the notation

las, b3)ap) = la,az) ® b, b3) @)

to denote the states, and omit the (a, b) label when the context
makes it unnecesary.

For the non—chiral spin zero representation (0, 0), the vector
space is one—dimensional, and spanned by the state

[0} =10, 0).0) - (®)
Similarly, the operator space is spanned by the projection
1 =10)<0l = 10, 0)(0,0) €0, Ol0,0) - &)

In terms of the dimension of the SO(1, 3) representations we get
the rather trivial looking equation

1®1=~1. (10)

The only kinetic term that we can write using this and the mo-
mentum P* is P?; this is how we end up with Klein-Gordon’s
equation

(P* = m»)® = 0. (11)

Here the Pauli-Lubanski operator is null, since the generators
M* map to the zero matrix, and there are no more constric-
tions to impose.

Now consider the non—chiral spin one representation (%, %)
A basis for the vector space is given by

o) = {13 3).J -3 ) L) a2

To analyze the operator space, we first note that every operator
can be written in terms of the basis as some lineal combination:

0= 0, (w. (13)
bj

The properties of the operators O are inherited from the proper-
ties of the states |i;). As has been previously shown by one of
the authors; the operator space will decompose as the square of

the vector space (Gémez-Avila and Napsuciale, 2013):

1 1\

(5,5) =(0,0e (1,0, (,1). (14)

Equivalently,
44~103e3)09. (15)

This corresponds to a scalar, an antisymmetric tensor, and a
traceless symmetric tensor:

(1.M,,.T,}. (16)

Now there are two possibilities for the kinetic term: we can use
the scalar (0, 0) or the symmetric traceless tensor T#V transform-
ing as (1, 1). (The antisymmetric tensor cannot provided a ki-
netic terms, since it vanishes on contraction with the momenta).
In the most general case, we would write a wave equation

(@P* + BT, P'P" —m*)¥ = 0 (17)

with unknown coefficients a,. Now, the requisite that this
propagates three degrees of freedom, as appropiate for a spin j
field, and the values of the mass squared m? ,will fix the values
of a, . Equivalently, this amounts to imposing the eigenvalue
equations for the squared momentum and Pauli-Lubanski oper-
ators. In any case, we end up with Proca’s equation for a spin 1
vector field.

Let us look now at the Dirac representation (%, O) @ (0, %)
This is also a four dimensional representation, with basis

i)} = {3,0),]<3,0),[0,1).]0, 1)} (18)

The operator space for this representation will have the fol-
lowing decomposition:

10 01 2~00 1,0 0,1 I 19
(E’ )9(75) = (0,0 (1,0 (0, )69(5’5)2, (19)

which we can also write as
2e)eRe2)~1LaBe3) a4, (20)

This corresponds to a covariant basis with two scalars, an anti-
symmetric tensor, and two vectors:

{1, My, Sy xS} @1

(This vector is most commonly denoted by y,; here we avoid
this to keep a consistent notation in all cases.) It bears noting
that, because this is a representation of O(1, 3) rather than the
proper Lorentz group SO*(1, 3), there is an intrinsic notion of
parity, which is the operator that exchanges the chiral (a, b) and
(b, a) parts. In our basis this is simply the matrix

0 Toe
II = . 22
(12><2 0 ) 22)

Starting from the rest—frame parity projection

1
5 (L £ID(0) = (), (23)

and performing a boost into an arbitrary frame, we obtain the
covariant equation:

(SuP" = m)y(p) = 0. (24)

In other words, the operator S, can be interpreted as a covariant
form of the parity operator, or rather, as the set of operators that
parity transforms into under the action of the Lorentz group.
This is what is meant by saying that the Dirac equation is sim-
ply the covariant projection over parity invariant subspaces of
the (%, O) @ (O, %) representation (Gémez-Avila and Napsuciale,
2013).
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4. Parity-invariant constructions for spin j > %

In the single—spin chiral representations, also called Joos-
Weinberg theories (Joos, 1962; Weinberg, 1964a,b), there are
two possible kinetic operators. To see this, let us separate in
two parts the calculation of the operator space decomposition.
First, we have block diagonal operators coming from the prod-
ucts:

2j
@®®@®®@JNMQD:®QE®GEQQW (25)

i=1

Only the scalar operators in (0,0), can give us a kinetic term,
because the series (1, O))( ,(2, 0))( ,... corresponds to a series of
tensors with up to 2 pairs of antisymmetric indices:

2
@(LO)fH@ ® ®... (26
i=1

This scalar kinetic term will produce a Klein-Gordon equa-
tion of motion for every spinor component. The drawback of
this approach is that this is tipically double the number of de-
grees of freedom desired, since this includes both parities. On
the other hand, we also have two anti block diagonal operators:

2((;00® 0, ) = ()2 27)

This correspond to another possible kinetic term, formed from
a symmetric traceless tensor with 2; indices. Therefore, this
is of order 2 in the momenta; for j > 1, it corresponds to a
higher—derivative theory. This kinetic terms is the one obtained
by boosting the eigenvalue equation of the parity operator in the
rest frame (Gémez-Avila and Napsuciale, 2013).

There is another possibility, the double spin chiral
representation where spin j fields are induced from the
(._ % , %)Xrepresentation. We only need to consider j > %,
since for j = 1 this merely reproduces the vector representa-
tion. Block diagonal operators in the direct—sum basis come

from
11\ R
(j— 5 5) =PI 0@ D,
r=0

1 1 ®2  2j-1
(z’j‘ 5) =Epro.nea,nl.
r=0

Since j > %, this will always include a pair of symmetric ten-
sors (1,1). On the other hand, anti block diagonal operators
come from the cross product

A1y (11 !
Pl o

r,s=j—1

(28)

In this case, the lowest order kinetic term comes from the anti
diagonal product (j — 1, j — 1), which means that we have a
first-order wave equation for j = 3/2, and a second-order wave
equation for j = 2. Higher spin will result again in a higher—
derivative theory.

Finally, we have the possibility of using a (j, j) completely
symmetric tensor, which produces a kinetic term of momentum
order 2 j, and therefore a higher derivative theory if j > % In the
following sections, we discuss in more detail this possibilities
for j = %

5. Spin % fields in the JW representation

The Joos-Weinberg formalism using the single spin chi-
ral representations started as an attempt to directly construct
transition amplitudes without having a wave equation or a La-
grangian(Weinberg, 1964a,b; Ahluwalia and Ernst, 1993). This
does not mean, however, that wave equations are impossible to
define for the Jooos-Weinberg representations (Ahluwalia and
Ernst, 1992), as we will exhibit below.

For spin %, the single spin chiral representation operator
space decomposes as:

3 3\ 33
[(E,O) ) (O, 5)} = (O, 0)2 (&) (E, 5)2 (&) (1,0) ) (0, 1) (30)
@ 2,008 (0,2)d((3,0)®(0,3),

corresponding to the Young diagrams

ﬂZ@Dsz@B@ ® . 3D

Equivalently,

WeodyY=2x1o2x160303050507a7. (32)

We identify this as the identity 1 and chirality y scalars, a
pair of third rank totally symmetrical tensors, and the operators

{Mpv ’ C/u/p(r’ Dpvp(r<x,3}~ (33)

The C and D tensor are given by the Young-projected product
of

CHW’,B = pBHMpV Ma,[i ’

(34)
Dypoap = PHEM#VMPO'MGﬁ'
For the symetrical tensor:
1
Spvp = EH(_UOHTIOVUO/) + uvNop + NupMoy + npvr]O;z)

i

+ =11 |71, My, + Tn,, Mo, + T1,, M
9 [ v M0p up P u] 35)

— Il (nOuUOVMOp + nOﬂUOpMOV + UOVUOpMOy)

2i
+ gn(MOp’ MOV? MOp)~

With the covariant basis in hand, we can list all Lorentz co-
variant bilinear terms and use them to build kinetic terms and
interactions. The Lagrangian density for a field transforming in
this representation can contain only the following kinetic terms:

Ly = "P(A + BY)S ,,, 0" Y + (E + Fx)d,Y"'¥Y.  (36)

wvp

This will produce one of three outcomes: a second order,
Klein—Gordon-like equation (with the disadvantage of fermion
doubling, since both parities are slutions) a third order boosted—
parity equation, or a mixture, which can be treated as in work
by Grinstein et al. (2008) and Anselmi (2018).
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As for the double spin chiral representation, it has been
mostly studied as a component of the Rarita-Schwinger rep-
resentation (Rarita and Schwinger, 1941). Its covariant space
decomposes as

1\ (1 11 33
(3)elz)) - 0omefz3) 0mmal53)

®[(1,0)& (0, D ®(2,0)®(0,2)
@(é, l) @(l, §) e2,Hed,2),

2°2), \2°2),
(37
corresponding to the Young diagrams
Le D 29 D:] 2 ® Dj:] 2

[ G8)

@B@ 2] [GB
2 L 2 L

(686 =2x102x402Xx902x% 16

®2xBo3)e505a2x B al15®15.
(39)
Focusing on the possible kinetic terms, and modulo the
presence of the chirality operator y, we have four covariant pos-
sibilities:

Equivalently,

{l,ﬂ#’ TIJV’ Ul)yv}’ (40)

producing a first, second or third order wave equation.

6. Duffin-Kemmer-Petiau and the meson algebra

The Duffin-Kemmer-Petiau (Petiau, 1936; Duffin, 1938;
Kemmer, 1939), construction originated in de Broglie’s neu-
trinic theory of light, which treated the photon as a neutrino—
antineutrino bound state. It is a linear wave equation analogous
in structure to Dirac’s formalism for fermions:

(ip"0, — m)¥ = 0. 1)

The meson algebra, satisfied by these matrices, served as

a generalization of Dirac’s gamma matrices algebra (Duffin,
1938):

B'B'B +BBB =B +B . (42)

There are 5. and 10 dimensional representations of this meson
algebra. Hurley and Sudarshan (1974) showed that these can be

written as -
~(0,0)® (2 2)

11
10 = (2 2)ea(l 0),

in terms of their Lorentz transformation rules. This DKP the-
ory was used in the calculation of various nuclear processes
involving vector and pseudoscalar mesons (Clark et al., 1985;
Kélbermann, 1986; Kozack et al., 1989).

This is a puzzling construction from the point of view of our
previous discussion, since it does not use a single representation
of O(1, 3), but rather a direct sum of chiral and nonchiral repre-
sentations. Nevertheless, it provided an algebraically consistent
construction, preserving the causality properties for spin one

(43)

particles without subsidiary conditions. While these spin zero
and one constructions can be shown in the free case to be equiv-
alent to the better known Klein Gordon and Proca formalisms
(Bouchefra and Boudjedaa, 2016), they are inequivalent when
interactions are present (Scadron and Thews, 1974).

Looking to generalize the DKP construction to other spins,
Hurley and Sudarshan (1974) studied all possible linear wave
equations where the coefficients satisfied the condition

(B'P,)’ = P*(B"P,), (44)
They concluded that such a linear equation existed only for
the families of representations listed below (and their parity—
conjugates):

L (0@ (n-11),
2. (n,0)®(n+1.4).
3 (n+ 33) @m0 (n - 53)
(

4. (1,0)@(31) @ 0:D).

Coming back to the double—spin chiral representation for
j= %, where a vector operator was available to construct a lin-
ear wave equation, we note that this representation is not in the
list. Since this representation has a left and a right component,
in the direct sum basis it it possible to classify the operators in
block diagonal and block antidiagonal parts. The block diago-
nal operators come from the left—left and right-right projectors
corresponding to the Young diagrams

o 1. (45)

12@[]:]2@5@

while the block anti—diagonal operators are those in

(,e[TT 1,6 . (46)

L1 2

This is a Z,—gradation of the algebra; it implies that for either
of the vector operators,

B'BB ~ AR + BUP + CG*, 47)

since the product of three block anti—diagonal matrices must
itself be block anti—diagonal.

By explicit calculation we see that for the (1, %) represen-
X
tation,

B'PB"PYBPy) = APZ(ﬁ”PIJ) + BU?P,P,P,, (48)

with B nonzero. This means that this linear equation is not quite
analogous to Dirac’s, and that the vector operator does not sat-
isfy a meson algebra. We also point out that some of the rep-
resentations in this list have not been fully explored in the lit-
erature as possibilities for the construction of relativistic wave
equations.
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7. Covariant vector algebras from field theories in 1 + 4.

A mathematical property that might shed light on the
Duffin-Kemmer-Petiau construction is the embedding of the
DKP representations in irreducible representations of a higher-
dimensional Lorentz algebra. In fact, the SO(1,4) group has
irreducible representations of dimension 5 and 10 which reduce
precisely to the representations in (43):

55 1@4

= (49)

10 =334
If we we were to construct a wave equation for this extradimen-
sional fields, we would start by calculating the covariant basis
of operators. In the case of the 10 irrep, this basis is spanned by
operators transforming as

10°~1e50100 14035835 (50)

This corresponds, in 4+1 language, to a scalar, a vector, a
symmetric tensor, and antisymmetric tensor, a mixed-symmetry
tensor with the symmetries of the Christoffel connection, and a
traceless tensor with the symmetries of the Weyl tensor, (all
traceless), or in Young diagrams,

B@B:ﬂ@[}@@@ﬂj@ﬂj@i i (51)

We can give a covariant description of the vector operator 5
in terms of the Lorentz algebra generators in 4 + 1 dimensions,

M;u/:

1
S/l = ?nﬂvewyﬁpo—{M&ﬁ9 Mpo’}- (52)

This vector obeys the five-dimensional version of the meson
algebra. By looking at this five—dimensional field theory with
four—dimensional glasses, we recover the DKP equation.

This intriguing extradimensional connection leads us to ask
if there are other cases where dimensional reduction can pro-
duce novel wave equations, particularly for spin % We do not
require that they give rise to linear wave equations. There turn
out to be two different irreps of SO(1,4) which upon dimen-
sional reduction produce spin % as the highest in the represen-
tation:

16 > 60602®2

oEers (53)
20 60604 @ .

The first one of these is the well-known Rarita-Schwinger rep-
resentation, while the second one is a direct sum of the sin-
gle and double spin chiral representations previously discussed.
The Rarita-Schwinger equation is in this sense analogous to the
DKP spin one formalism, a similitude already pointed out by
Loide et al. (1997).

8. 5-dimensional spin % fields

The SO(1,4) 16 Rarita—Schwinger representation has the
following covariant basis decomposition:

16016=105010, 014030035, 035 ®81. (54)

This corresponds to the Young diagrams
1e[JeH o[ TJe[ L]
2

oo oL L1

(35)

The branching rules for the decomposition of these into 3 + 1
Lorentz representation are
1l—1
5— 104
1030304
14— l1e409
30> 10409016
3530304080809
3 5505080809
8l > 303040808090 15015016

(56)

As we can see, there are multiple four—dimensional vectors
here. However, most of them are coming from higher dimen-
sional operators. This means that, if we were to build its ki-
netic terms with it in a Kaluza-Klein—type reduction only the
extradimensional modes would obey a linear equation, while
the zero—-modes would have a second order kinetic term. (This
is analogous to what happens in the five—dimensional DKP con-
struction).In purely four—dimensional language, we can choose
from first and second order kinetic terms when building our
wave equations.

On the other hand, the so(1, 4) 20 representation has the fol-
lowing covariant basis decomposition:

20020 =150 100 14030035035 ® 810846 105, (57)
corresponding to the Young diagrams
1e[JoHe[ TJe[ [T ]

— (58)
[ g ® |

5] 52

The branching rules in this representation for the decompo-
sition of these into 3 + 1 Lorentz representation are the follow-
ing:

l—=1
S— 164
10> 3e304
4> 10409
30— 1®409016
35 > 30304080809
35 > 505080809
8l > 3@3a40808a9d 15015016
d>T7eT7o202e 15015016
105> 5050908080 1202015015016

(59)

There are multiple vectors providing linear kinetic terms, as
well as second and third rank symmetric traceless tensors. As
noted in previous work by one of the authors, the covariant par-
ity eigenvalue equation will involve this third-rank symmetric
tensor (Gémez-Avila and Napsuciale, 2013).
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9. Conclusions

We have classified the Lorentz group representations giv-
ing rise to wave equations for spin 2, subject to the consistency
conditions that no more that two spin sectors are obtained, and
that the spin wanted be the highest present. We have found four
possibilities:

1. Single spin chiral representation (%, O) <] (O, %), where we

find a higher—derivative theory.
2. Double spin chiral representation (1, %) @ (%, 1) giving
rise to a linear, quadratic or cubic wave equation.

3. The well-known Rarita-Schwinger representation (1, %)69

(%, 1) ® (%, O) ® (0, %), where we also find a linear,
quadratic or cubic wave equation.

4. The novel (1, %) (&) (%, 1) @ (%, 0) @ (0, %) representation,
mixing the single and double spin chiral representations,
and with first, second and third rank kinetic terms.

The study of the novel DKP-type theory in the (1, %) ®
(% 1) @ (% O) @ (O, %) representation is an interesting perspec-
tive of this work. To our knowledge, wave equations defined
in this representation have not been previously studied in the
literature.
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