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Abstract—We study a Riemann boundary value problem with a shift into the interior of the
domain. The problem has piecewise constant coefficients that take two values. We find condi-
tions for the existence and uniqueness of a solution of the inhomogeneous problem and formulas
for the number of linearly independent solutions of the homogeneous problem.

We consider scalar singular integral operators with a shift and matrix characteristic operators
whose coefficients are generated by piecewise constant functions and which have automorphic
properties. For these operators, we find invertibility conditions.
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1. INTRODUCTION

When studying singular integral equations and operators with shifts, one usually reduces them to
matrix characteristic singular integral equations and operators without shifts [1–3]. In this case, the
original operators are mixed with the corresponding additional associative operators. The presence
of the latter complicates the construction of the solvability theory.

Operator equalities that reduce singular integral operators with involutions generated by linear-
fractional Carleman shifts to shift-free matrix characteristic operators were constructed in [4, 5].
The simplicity of shifts in question permitted avoiding the introduction of additional and compact
operators, which do not affect the construction of Fredholm theory but have a substantial influence
on the dimension, the structure of operator kernels, and the methods for finding solutions.

For a singular integral operator A with an orientation-preserving shift, we obtain a similarity
transformation that reduces A to a matrix characteristic singular integral operator FAF−1.

For a singular integral operator B with an orientation-reversing shift, we obtain a transformation
by invertible operators that reduces B to a matrix characteristic singular integral operator HBE .

Application of operator equalities permits using known results for matrix characteristic singular
integral operators in the analysis of scalar singular integral operators with shifts, and vice versa.
For example, this method was used in [6] to obtain invertibility conditions for singular integral
operators with a linear-fractional involution and piecewise constant coefficients on the basis of
known results about factorization [7].

In the present paper, we use operator identities to study Riemann boundary value problems and
singular integral equations.

In Section 2, we find conditions for the existence and uniqueness of a solution of the inhomo-
geneous Riemann boundary value problem with a shift into the interior of the domain and obtain
formulas for the number of linearly independent solutions of the homogeneous problem.

In Section 3, we obtain conditions for the invertibility in a weighted Lebesgue space of a matrix
characteristic singular integral operator DR whose coefficients are piecewise constant matrices that
have three points of discontinuity on the real line R and take four coordinated values.

In Section 4, in the space L2(T), we consider a singular integral operator with an orientation-
preserving shift on the unit circle T and with matrix coefficients of special form which have some
automorphic properties. We obtain invertibility conditions for the operator DT.
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1226 KARELIN et al.

2. RIEMANN PROBLEM WITH A SHIFT INTO THE INTERIOR
OF THE DOMAIN AND WITH PIECEWISE CONTINUOUS COEFFICIENTS

Let us introduce some notation and definitions. Let Γ and γ be two contours such that γ ⊂ Γ.
The extension of a function f(t), t ∈ γ, by zero to Γ\γ will be denoted by (JΓ\γf)(t), t ∈ Γ.
The restriction of a function ϕ(t), t ∈ Γ, to γ will be denoted by (Cγϕ)(t), t ∈ γ, and the
characteristic function of the contour γ defined on Γ will be denoted by χγ(x). The symbol [H1,H2]
stands for the set of bounded linear operators from a Banach space H1 to a Banach space H2, and
[H1] ≡ [H1,H1].

We introduce the identity operator and the Cauchy singular operator on the contour Γ by the
formulas

(IΓϕ)(t) = ϕ(t), (SΓϕ)(t) =
1
πi

∫

Γ

ϕ(τ)
τ − t

dτ.

Let Lp(Γ, �) be the space of functions defined on Γ whose product by the weight function � is
p-integrable; by Lm

p (Γ, �) we denote the space of m-vector functions with components in Lp(Γ, �).
The norm in Lm

p (R, �) is given by the formula ‖f‖Lm
p (R,�) = ‖�f‖Lm

p (R).
Consider the space Lp(R, �), 1 < p < ∞, with the power-law weight

� = (1 + t2)ν/2|t|ν0 |t − 1|ν1 , ν2 = 1 − 2
p
− ν − ν0 − ν1, −1

p
< νk < 1 − 1

p
, k = 0, 1, 2.

Let A and B be nondegenerate numerical matrices. We denote the arguments of the eigenvalues
of the matrices A,A−1B, and B−1 by 2πν0k(A,B), 2πν1k(A,B), and 2πν2k(A,B) (k = 1, 2), respec-
tively. If the matrices A and B have common eigenvectors, then we follow [7] and assign the same
index k to the “gamma” numbers associated with the corresponding eigenvalues. In addition, if
the matrices A and B have only one common eigenvector, then we assign the index k = 2 to the
corresponding “gamma” numbers.

For the matrices A and B and the parameters of the space Lp(R, �), we introduce the numbers

δjk(A,B, p, νj) =
1
p

+ νj − νjk(A,B),

lk(A,B, p, ν, ν0, ν1) =
2∑

j=0

(νjk(A,B) + [δjk(A,B, p, νj)]0).
(1)

In these formulas, [x]0 stands for the integer part of a number x.
Let C0, C1, and C2 be constant matrices defined on the intervals I0 = (t0, t1), I1 = (t1, t2), and

I2 = (t2, t0), respectively. Using them, we construct the matrix GR(t) =
∑2

j=0 Cjχj(t), t ∈ R. If C0

is nondegenerate, then we set A = C−1
0 C1 and B = C−1

0 C2.
Consider the problem of finding an analytic function F (z) in the strip

T = {z : − 1 ≤ Im z ≤ +1}

from the functional relation

A(x)Φ(x + i) + B(x)Φ(x − i) + C(x)Φ(x) = H(x), x ∈ R = (−∞,+∞), (2)

with coefficients
A(x) = A−χR−(x) + A+χR+(x),
B(x) = B−χR−(x) + B+χR+(x),
C(x) = C−χR−(x) + C+χR+(x),

(3)

where A±, B±, and C± are some constants, R+ = (0,+∞), R− = (−∞, 0), and H(x) ∈ L2(R).
We seek solutions such that Φ(x+i) ∈ L2(R) and Φ(x−i) ∈ L2(R). Let us state and prove the main
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theorem of this section. For the coefficients (3) of the boundary value problem (2), we construct
the matrices

Ã = − 2
3A+ + B+

×
[

3A+ + A− + B+ + 3B− + 4i(C+ + C−) 3A+ − A− + B+ − 3B− + 4i(C+ + C−)
−3A+ + A− − B+ + 3B− + 4i(C+ + C−) −3A+ − A− − B+ − 3B− + 4i(C+ + C−)

]
,

B̃ = − 2
3A− + B−

×
[

A+ + 3A− + 3B+ + B− + 4i(C+ + C−) −A+ + 3A− − 3B+ + B− + 4i(C+ + C−)
A+ − 3A− + 3B+ − B− + 4i(C+ + C−) −A+ − 3A− − 3B+ − B− + 4i(C+ + C−)

]
.

(4)

By formula (1), we define the numbers δ̃jk = δjk(Ã, B̃, 2, 0) and l̃k = lk(Ã, B̃, 2, 0,−1/4, 0).

Theorem 1. Suppose that 3A+ +B+ �= 0 and 3A−+B− �= 0. The following assertions are valid
for the Riemann problem (2) with a shift into the interior of the domain and with the piecewise
constant coefficients (3).

I. The following conditions are necessary and sufficient for the existence and uniqueness of the
solution :

(a) det Ã �= 0 and det B̃ �= 0;
(b) the numbers δ̃jk, k = 1, 2, j = 0, 1, 2, are not integers;
(c) one of the following three properties holds :
(i) Ã and B̃ have no common eigenvectors, and l̃1 = −l̃2;
(ii) Ã and B̃ do not commute and have a common eigenvector, and l̃1 = −l̃2 ≥ 0;
(iii) Ã and B̃ commute, and l̃1 = l̃2 = 0.
II. Under conditions I (a) and (b), the number of linearly independent solutions is given by the

formula
1
2
(1 + sgn(l̃1))l̃1 +

1
2
(1 + sgn(l̃2))l̃2 (5)

provided that
(iv) the matrices Ã and B̃ commute, or
(v) the matrices Ã and B̃ have a common eigenvector, and l̃1 − l̃2 ≤ 1.

The number of linearly independent solutions is given by the formula

1
2
(1 + sgn(l̃1 + l̃2 + 1))

[
l̃1 + l̃2 + 1

2

]

0

+
1
2
(1 + sgn(l̃1 + l̃2))

[
l̃1 + l̃2

2

]

0

(6)

provided that
(vi) the matrices Ã and B̃ do not commute and have a common eigenvector, and l̃1 − l̃2 ≥ −1,

or
(vii) the matrices Ã and B̃ have no common eigenvectors.

Proof. An equivalent reduction of the Riemann problem (2) to a singular integral equation with
singularities at the endpoints in the space L2(−1,+1) was carried out in [8] :

aT (ξ)w(ξ) +
cT (ξ)

πi

∫

T

w(τ) dτ

τ − ξ
− dT (ξ)

πi

∫

T

w(τ) dτ

1 − ξτ
= gT (ξ), T = (−1, 1). (7)
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The relationship between the coefficients and the right-hand sides is given by the formulas

aT (ξ) = π
A([γ(ξ)]) + B([γ(ξ)])

2
, cT (ξ) = π

A([γ(ξ)]) − B([γ(ξ)])
4

,

dT (ξ) = −πiC[γ(ξ)], gT (ξ) =
πH[γ(ξ)]√

1 − ξ2
,

γ(ξ) =
1
π

ln
1 + ξ

1 − ξ
, ξ ∈ T , γ(ξ) ∈ R.

Let us write out the relationship between the solutions of the boundary value problem (2) and
Eq. (7) :

wT (ξ) =
Y [γ(ξ)]√

1 − ξ2
, Y (x) = F{[exp(x) + exp(−x)]F−1Φ(x)},

where F is the Fourier transform, (Fψ)(x) = (2π)−1/2
∫ +∞
−∞ ψ(τ) exp(Ixτ) dτ , and F−1 is the inverse

transform.
We represent the integral operator with point singularities in (7) via an involutive operator

QT ∈ [L2(R)] and the singular operator SR :

1
πi

∫

T

ω(τ)
1 − ξτ

dτ = −CT QT SRJR\T , ξ ∈ T ,

(QT ϕ)(x) =
1
x

ϕ[α(x)], α(x) =
1
x

, x ∈ R.

Let us rewrite (7) in the operator form

(KT ω)(ξ) = gT (ξ), KT = aT IT + cT ST + dT CT QT SRJR\T , KT ∈ [L2(T )].

The coefficients can be expressed via the constants A±, B±, and C± by the formulas

aT (ξ) = 2−1π[(A− + B−)χ(−1,0)(ξ) + (A+ + B+)χ(0,1)(ξ)],
cT (ξ) = 4−1π[(A− − B−)χ(−1,0)(ξ) + (A+ − B+)χ(0,1)(ξ)],
dT (ξ) = −πi[C−χ(−1,0)(ξ) + C+χ(0,1)(ξ)], ξ ∈ T .

By extending the operator KT to the entire line R by the identity operator, we obtain

K1
R

= ãRIR + c̃RSR + d̃RQT SR, ãR = (χR\T + JR\T aT ),

c̃R = (JR\T cT ), d̃R = (JR\T dT ).

The operator KT is invertible in the space L2(T ) if and only if the operator K1
R

is invertible
in L2(R).

By applying the operator equality HBE in [4, 5] to the equation (K1
R
ϕ)(x) = JR\T gT , we arrive

at the matrix characteristic equation

D̃R+ψR+ = g̃R+ ; D̃R+ = HK1
R
E = ũR+IR+ + ṽR+SR+ ,

D̃R+ ∈ [L2
2(R+, t−1/4)], g̃R+ = HJR\T gT ,

with coefficients ũR+(t) = 2−1[ũij(t)]2i,j=1 and ṽR+(t) = 2−1[ṽij(t)]2i,j=1, where

ũ11(t) = ũ21(t) = [4−1π(A− − B−) − πiC−]χ(1,∞)(t) + [4−1π(A+ − B+) − πiC+]χ(0,1)(t),
ũi2(t) = [2−1π(A− + B−) + (−1)i]χ(1,∞)(t) + [2−1π(A+ + B+) − (−1)i]χ(0,1)(t), i = 1, 2,
ṽ11(t) = ũ22(t), ṽ21(t) = ũ12(t),
ṽ12(t) = ṽ22(t) = [4−1π(A− − B−) + πiC−]χ(1,∞)(t) + [4−1π(A+ − B+) + πiC+]χ(0,1)(t).

The relationship between the solutions is as follows: ψR+(t) = (E−1(JR\T ωT ))(t).
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The operators H and E are the products

H = N−1
R+

Z−1M−1
R

Θ−1 ∈ [L2
2(R+), L2

2(R+, t−1/4)],

E = ΘMRZPNR+ ∈ [L2
2(R+, t−1/4), L2

2(R+)],

(Θϕ)(x) =
2

1 − x
ϕ

(
x + 1
1 − x

)
, (Θ−1ϕ)(x) =

1
x + 1

ϕ

(
x − 1
x + 1

)
,

(NR+ϕ)(t) = ϕ(t2), (WRϕ)(x) = ϕ(−x),

P =

[
SR+ + CR+WRSRJR− 0

0 IR+

]
, Z =

[
1 1
1 −1

]
,

MR+

[
ϕ1

ϕ2

]
=

{
ϕ1(t), t ∈ R+

ϕ2(−t), t ∈ R−, M−1
R+

ϕ =

[
ϕ(t)

ϕ(−t)

]
.

We see that the coefficients ũR+ and ũR+ are piecewise constant functions taking two values on the
contour R+ with point of discontinuity x = 1. The operator D̃R+ can be extended to R− = (−∞, 0) :

D̃1
R
ψ = JR− g̃R+ , D̃1

R
= (χR− + JR− ũR+)IR + (JR− ṽR+)SR, D̃1

R
∈ [L2

2(R, t−1/4)].

The operator D̃R+ is invertible in the space L2
2(R+, t−1/4) if and only if so is the operator D̃1

R
in the

space L2
2(R, t−1/4).

We represent the operator D̃1
R

via the projections P+
R

= 2−1(IR + SR) and P−
R

= 2−1(IR − SR)
by the formula D̃1

R
= R(U ,V), where R(U ,V) = UP+

R
+ VP−

R
and the coefficients have the form

U = E2χR− + U(0,1)χ(0,1) + U(1,∞)χ(1,+∞),

V = E2χR− + V(0,1)χ(0,1) + V(1,∞)χ(1,+∞), E2 = diag[1, 1],

U(0,1) =
1
8

[
2π(A++B+)+π(A+−B+)−4πC++4 2π(A++B+)+π(A+−B+)+4πC+−4
2π(A++B+)+π(A+−B+)−4πC+−4 2π(A++B+)+π(A+−B+)+4πC++4

]
,

U(1,+∞) =
1
8

[
2π(A−+B−)+π(A−−B−)−4πC−+4 2π(A−+B−)+π(A−−B−)+4πC−−4
2π(A−+B−)+π(A−−B−)−4πC−−4 2π(A−+B−)+π(A−−B−)+4πC−+4

]
,

V(0,1) =
1
8

[
2π(A−+B−)−π(A−−B−)+4πC−+4 −2π(A−+B−)+π(A−−B−)+4πC−+4
2π(A−+B−)−π(A−−B−)+4πC−−4 −2π(A−+B−)+π(A−−B−)+4πC−−4

]
,

V(1,+∞) =
1
8

[
2π(A++B+)−π(A+−B+)+4πC++4 −2π(A++B+)+π(A+−B+)+4πC++4
2π(A++B+)−π(A+−B+)+4πC+−4 2π(A++B+)+π(A+−B+)+4πC+−4

]
.

We assume that det(ũR + ṽR) �= 0, or, in different notation,

det(E2χR− + U(0,1)χ(0,1) + U(1,∞)χ(1,+∞)) �= 0,

detU(0,1) =
2

3A+ + B+

�= 0, detU(1,∞) =
2

3A− + B−
�= 0.

By computing the inverse matrices U−1
(0,1) and U−1

(1,+∞) and the matrices Ã = U−1
(0,1)V(0,1) and B̃ =

= U−1
(1,+∞)V(1,+∞) in terms of the coefficients of the original boundary value problem, we obtain

formulas (4).
Let us pass from the operator R(U ,V) to the operator R(G̃R) = P+

R
+ G̃RP−

R
acting in the space

L2
p(R, �), �(x) = |x|−1/4. Here

G̃R = (χR− + JR−(ũR+ + ṽR+))−1(χR− + JR−(ũR+ − ṽR+))

= U−1V = χR−E2 + χ(0,1)Ã + χ(1,+∞)B̃.

DIFFERENTIAL EQUATIONS Vol. 44 No. 9 2008



1230 KARELIN et al.

The matrix G̃R(x), x ∈ R, is a piecewise constant matrix function defined on the real line
and taking three values with points of discontinuity x = 0 and x = 1. By applying Theorem 3
in [7, p. 294] to the operator R(G̃R), we obtain the first assertion of the theorem.

We denote the partial indices [1] of the matrix function G̃R(x) in the space L2
p(R, �) by κ1 and κ2.

Theorem 1 in [7, p. 293] provides formulas for the computation of partial indices. According to [1],
the sum of positive partial indices is equal to the dimension l = dimker R(G̃R) of the kernel of the
operator R(G̃R) of the Riemann boundary value problem (2).

In case (iv) or (v), by using Theorem 1 in [7, p. 293], one can compute κ1 = l̃1 and κ2 = l̃2 and
find that the number l is given by the formula l = l̃1 + l̃2 if κ1 ≥ 0 and κ2 ≥ 0, l = l̃1 if κ1 ≥ 0
and κ2 ≤ 0, l = l̃2 if κ1 ≤ 0 and κ2 ≥ 0, and l = 0 if κ1 ≤ 0 and κ2 ≤ 0, which corresponds to
formula (5).

In case (vi) or (vii), by using Theorem 1 in [7, p. 293], one can compute κ1 = [(l̃1 + l̃2 +1)/2] and
κ2 = [(l̃1 + l̃2)/2] and find that l is given by the formula l = κ1 +κ2 = [(l̃1 + l̃2 +1)/2]+ [(l̃1 + l̃2)/2]
if κ1 ≥ 0 and κ2 ≥ 0, l = κ1 = [(l̃1 + l̃2 + 1)/2] if κ1 ≥ 0 and κ2 ≤ 0, l = κ2 = [(l̃1 + l̃2)/2] if κ1 ≤ 0
and κ2 ≥ 0, and l = 0 if κ1 ≤ 0 and κ2 ≤ 0, which corresponds to formula (6). The proof of the
theorem is complete.

3. CHARACTERISTIC OPERATORS WITH MATRIX PIECEWISE CONSTANT
COEFFICIENTS OF SPECIAL TYPE

Consider the weighted space Lp(R, �W ), p ≥ 1, where (�W )(x) =
∏4

j=1 |x − xj|μj , x1 = −1,
x2 = 1, x3 = 0, and x4 = i. To ensure the boundedness of the singular integral operator with
Cauchy kernel [9] and the shift operator (WRϕ)(x) = ϕ(−x) in the space Lp(R, �W ), we assume
that

−1
p

< μj <
p − 1

p
, j = 1, 2, 3,

−1
p

<
4∑

j=1

μj <
p − 1

p
, μ1 = μ2. (8)

Let us introduce the matrices V =

[
0 1
1 0

]
, Z =

1√
2

[
1 1
1 −1

]
, and Ω =

[
1 0
0 −1

]
.

In the space L2
p(R, �W ), consider the operator DR = uIR + vSR whose coefficients are piecewise

constant matrices having three points of discontinuity x = −1, x = 0, and x = 1 and taking four
coordinated values, namely,

u =

[
a−2 b−2

b+2 a+2

]
χ(−∞,−1) +

[
a−1 b−1

b+1 a+1

]
χ(−1,0)

+ V

[
a−1 b−1

b+1 a+1

]
V χ(0,1) + V

[
a−2 b−2

b+2 a+2

]
V χ(1,∞),

v =

[
c−2 −d−2

d+2 −c+2

]
χ(−∞,−1) +

[
c−1 −d−1

d+1 −c+1

]
χ(−1,0)

− V

[
c−1 −d−1

d+1 −c+2

]
V χ(0,1) − V

[
c−2 −d−2

d+2 −c+2

]
V χ(1,∞).

In this section, we obtain conditions for the invertibility of the operator DR in the space L2
p(R, �W ).

Let us introduce the functions
a(x) = a−2χ(−∞,−1)(x) + a−1χ(−1,0)(x) + a+1χ(0,1)(x) + a+2χ(1,+∞)(x),
b(x) = b−2χ(−∞,−1)(x) + b−1χ(−1,0)(x) + b+1χ(0,1)(x) + b+2χ(1,+∞)(x),
c(x) = c−2χ(−∞,−1)(x) + c−1χ(−1,0)(x) + c+1χ(0,1)(x) + c+2χ(1,+∞)(x),
d(x) = d−2χ(−∞,−1)(x) + d−1χ(−1,0)(x) + d+1χ(0,1)(x) + d+2χ(1,+∞)(x)

DIFFERENTIAL EQUATIONS Vol. 44 No. 9 2008



RIEMANN PROBLEM AND SINGULAR INTEGRAL EQUATIONS 1231

and construct the matrices

A± = −det−1

[
a−1 + c−1 ∓b−1 ± d−1

∓b−2 ∓ d−2 a−2 − c−2

]
Z−1

[
a−2 − c−2 ±b−1 ∓ d−1

±b−2 ± d−2 a−1 + c−1

]

×
[

a−1 − c−1 ∓b−1 ∓ d−1

∓b−2 ± d−2 a−2 + c−2

]
ZΩ,

B± = −det−1

[
a+1 + c+1 ∓b+1 ± d+1

∓b+2 ∓ d+2 a+2 − c+2

]
Z−1

[
a+2 − c+2 ±b+1 ∓ d+1

±b+2 ± d+2 a+1 + c+1

]

×
[

a+1 − c+1 ∓b+1 ∓ d+1

∓b+2 ± d+2 a+2 + c+2

]
ZΩ.

(9)

By using definition (1), for the matrices A± and B± and the parameters of the space L2
p(R, �),

�(x) = |x|ν0 |x− 1|ν1 |x− i|ν , ν0 = (1/2)(μ3 − 1/p), ν1 = μ2 = μ1, and ν = (1/2)μ4, we construct the
constants l±k and δ±jk.

Theorem 2. Suppose that

det

[
a−1 + c−1 ∓b−1 ± d−1

∓b−2 ∓ d−2 a−2 − c−2

]
�= 0, det

[
a+1 + c+1 ∓b+1 ± d+1

∓b+2 ∓ d+2 a+2 − c+2

]
�= 0.

The operator

DR =

[
a(x) b(x)

b(−x) a(−x)

]
IR +

[
c(x) −d(x)

d(−x) −c(−x)

]
SR

with piecewise constant coefficients that have three points of discontinuity x = −1, x = 0, and x = 1
and take four coordinated values is invertible in the space L2

p(R, �W ) if and only if the matrices A+,
B+ and A−, B− have the following properties :

(a) detA+ �= 0, detB+ �= 0 and detA− �= 0, detB− �= 0;
(b) the numbers δ+

jk and δ−jk, k = 1, 2, j = 0, 1, 2, are not integers;
(c) the pairs of matrices A+, B+ and A−, B− satisfy one of the following three conditions :
(i) A± and B± have no common eigenvectors, and l±1 = −l±2 ;
(ii) A± and B± do not commute and have a common eigenvector, and l±1 = −l±2 ≥ 0;
(iii) A± and B± commute, and l±1 = l±2 = 0.

Proof. It follows from the Gokhberg–Krupnik matrix equation [3]

1
2

[
IR IR

WR −WR

][
aIR + bWRIR + cSR + dWRSR 0

0 aIR − bWRIR + cSR − dWRSR

]

×
[

IR WR

IR −WR

]
= DR

that the singular integral operator DR is invertible in the space L2
p(R, �W ) if and only if the operators

B = B+ = aIR + bIR + cSR + dQSR and B− = aIR − bIR + cSR − dQSR are invertible in the space
Lp(R, �W ).

By applying the operator equality to B+ and B−, we obtain

D±
R+

= HB±E = u±
R+

IR+ + v±
R+

SR+, D±
R+

∈ [L2
p(R+, �)].
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The weight �W can be transformed into �(x) = |x|ν0 |x − 1|ν1 |x − i|ν , where ν0 = (1/2)(μ3 − 1/p),
ν1 = μ2, and ν = (1/2)μ4. The coefficients of the operator D±

R+
are given by the formulas

u±
R+

(t) =
1
2

[
(c−1 ± d−1) − (c−2 ± d−2) (a−1 ± b−1) − (a−2 ± b−2)
(c−1 ± d−1) + (c−2 ± d−2) (a−1 ± b−1) + (a−2 ± b−2)

]
χ(0,1)(t)

+
1
2

[
(c+1 ± d+1) − (c+2 ± d+2) (a+1 ± b+1) − (a+2 ± b+2)
(c+1 ± d+1) + (c+2 ± d+2) (a+1 ± b+1) + (a+2 ± b+2)

]
χ(1,∞)(t),

v±
R+

(t) =
1
2

[
(a−1 ∓ b−1) + (a−2 ∓ b−2) (c−1 ∓ d−1) + (c−2 ∓ d−2)
(a−1 ∓ b−1) − (a−2 ∓ b−2) (c−1 ∓ d−1) − (c−2 ∓ d−2)

]
χ(0,1)(t)

+
1
2

[
(a+1 ∓ b+1) + (a+2 ∓ b+2) (c+1 ∓ d+1) + (c+2 ∓ d+2)
(a+1 ∓ b+1) − (a+2 ∓ b+2) (c+1 ∓ d+1) − (c+2 ∓ d+2)

]
χ(1,∞)(t).

By extending the operators D±
R+

to the entire real line and by representing the result in a form
with two projections, we obtain

D±
R

= U±
R

P+
R

+ V±
R

P−
R

, U±
R

= χR− + JR−(u±
R+

+ v±
R+

),

V±
R

= χR− + JR−(u±
R+

− v±
R+

), D±
R
∈ [L2

p(R, �)].

The matrices U±
R

and V±
R

can be represented in the form

U±
R

= χR− + JR−Π

{[
a−1 + c−1 ∓b−1 ± d−1

∓b−2 ∓ d−2 a−2 − c−2

]
χ(0,1)

+

[
a+1 + c+1 ∓b+1 ± d+1

∓b+2 ∓ d+2 a+2 − c+2

]
χ(1,∞)

}
Π,

V±
R

= χR− − JR−Π

{[
a−1 − c−1 ∓b−1 ∓ d−1

∓b−2 ± d−2 a−2 + c−2

]
χ(0,1)

+

[
a+1 − c+1 ∓b+1 ∓ d+1

∓b+2 ± d+2 a+2 + c+2

]
χ(1,∞)

}
ΠΩ.

We assume that det[u±
R+

(t) + v±
R+

(t)] �= 0 or, equivalently,

det

{[
a−1 + c−1 ∓b−1 ± d−1

∓b−2 ∓ d−2 a−2 − c−2

]
χ(0,1) +

[
a+1 + c+1 ∓b+1 ± d+1

∓b+2 ∓ d+2 a+2 − c+2

]
χ(1,∞)

}
�= 0.

By computing the matrices G±
R

= (U±
R

)−1V±
R

, we obtain G±
R

= χR− +A±χ(0,1) +B±χ(1,∞), where the
matrices A± and B± are given by (9).

The operator R(G±
R

) = P+
R

+ G±
R

P−
R

is invertible in the space L2
p(R, �) if and only if so is the

operator D±
R+

in the space L2
p(R+, �). By applying Theorem 3 in [7, p. 294] to the operator R(G±

R
),

we complete the proof of Theorem 2.

4. SINGULAR INTEGRAL OPERATORS WITH AN ORIENTATION-PRESERVING SHIFT
AND COEFFICIENTS OF SPECIAL TYPE

We denote the upper unit half-circle by T+ and the lower unit half-circle by T−.
Let a2,ij and b2,ij , i = 1, 2, j = 1, 2, be piecewise constant functions defined on T+, taking

at most three values, and having possible discontinuities only at the points t = t0 and t = t1,
0 < arg t0 < arg t1 < π.
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In the space L2(T), consider the operator

AT = aTIT + cTST + bT WT + dTSTWT, (WTϕ)(t) = ϕ(−t), AT ∈ [L2(T)],

with coefficients of special form constructed on the basis of the functions a2,ij, b2,ij, t, and t−1 and
possessing automorphic properties:

CT+aT = 2−1[a2,11 + a2,22 + ta2,21 + t−1a2,12],
CT+(WTaT) = 2−1[a2,11 + a2,22 − ta2,21 − t−1a2,12],

CT+bT = 2−1[a2,11 − a2,22 + ta2,21 − t−1a2,12],
CT+(WTbT) = 2−1[a2,11 − a2,22 − ta2,21 + t−1a2,12],

CT+cT = 2−1[b2,11 + b2,22 + tb2,21 + t−1b2,12],
CT+(WTcT) = 2−1[b2,11 + b2,22 − tb2,21 − t−1b2,12],

CT+dT = 2−1[b2,11 − b2,22 + tb2,21 − t−1b2,12],
CT+(WTdT) = 2−1[b2,11 − b2,22 − tb2,21 + t−1b2,12].

(10)

We apply the operator identity FAF−1 in [4, 5] to the operator AT. As a result, AT is reduced to
the matrix characteristic singular integral operator

F−1ATF = DT, DT = uTIT + vTST ∈ [L2
2(T)]. (11)

The operator F ∈ [L2
2(T), L2(T)] is equal to the operator product F = MΠGN . In our case

(m = 2), these operators have the form

M

(
ϕ1

ϕ2

)
= MT+

(
ϕ1

ϕ2

)
= JT−ϕ1 + WTJT−ϕ2,

M−1ϕ = M−1
T+

ϕ =

(
CT+ϕ

CT+WTϕ

)
, Π±1 = Z±1 =

1√
2

(
1 1
1 −1

)
,

G±1(t) = G±1
T+

(t) = diag(1, t±1), (NT+ζ)(t) = ζ(t2), (N−1
T+

ζ)(t) = ζ(t1/2),

M−1
T+

∈ [L2(T), L2
2(T+)], MT+ ∈ [L2

2(T+), L2(T)],

NT+ ∈ [L2
2(T), L2

2(T+)], N−1
T+

∈ [L2
2(T+), L2

2(T)].

Let us find out how the coefficients (10) are transformed at each step:

M−1
T+

ATMT+ = u1IT+ + v1[ST+ + V UT+ ] (∈ [L2
2(T+)]),

(UT+f)(t) =
1
πi

∫

T+

f(τ)
τ + t

dτ, t ∈ T+, UT+ = CT+WSTJT− (∈ [L2
2(T+)]),

u1 = CT+

(
aT(t) bT(t)

bT(−t) aT(−t)

)

=
1
2

(
a2,11 + a2,22 + ta2,21 + t−1a2,12 a2,11 − a2,22 + ta2,21 − t−1a2,12

a2,11 − a2,22 − ta2,21 + t−1a2,12 a2,11 + a2,22 − ta2,21 − t−1a2,12

)
,

v1 = CT+

(
cT(t) dT(t)

dT(−t) cT(−t)

)

=
1
2

(
b2,11 + b2,22 + tb2,21 + t−1b2,12 b2,11 − b2,22 + tb2,21 − t−1b2,12

b2,11 − b2,22 − tb2,21 + t−1b2,12 b2,11 + b2,22 − tb2,21 − t−1b2,12

)
.

(12)
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At the second step, we apply the operator Z on the right and on the left and obtain

Z−1M−1
T+

ATMT+ZIT+ = u2IT+ + v2[ST+ + ΩUT+ ] (∈ [L2
2(T+)]),

u2 = Z−1u1Z =

(
a2,11 t−1a2,12

ta2,21 a2,22

)
, v2 = Z−1v1Z =

(
b2,11 t−1b2,12

tb2,21 b2,22

)
.

(13)

Then, by using the matrices G±1
T+

(t), t ∈ T+, we reduce the operator (13) to the operator

(G−1
T+

Z−1M−1
T+

ATMT+ZIT+GT+IT+η)(t) = u3(t)η(t) +
v3(t)
πi

∫

T+

2τ
τ 2 − t2

η(τ) dτ, (14)

where u3(t) = (a2,ij)2i,j=1 and v3(t) = (b2,ij)2i,j=1, t ∈ T+. Let us represent the matrices u3(t) and
v3(t) in the form

u3(t) = A0χ(0,t0) + A1χ(t0,t1) + A2χ(t1,π),

v3(t) = B0χ(0,t0) + B1χ(t0,t1) + B2χ(t1,π),

where the constant matrices A0, A1, B0, and B1 are expressed via a2,ij and b2,ij, i, j = 1, 2, as
follows:

A0 = C(0,t0)(a2,ij)2i,j=1, A1 = C(t0,t1)(a2,ij)2i,j=1, A2 = C(t1,π)(a2,ij)2i,j=1,

B0 = C(0,t0)(b2,ij)2i,j=1, B1 = C(t0,t1)(b2,ij)2i,j=1, B2 = C(t1,π)(b2,ij)2i,j=1.
(15)

Finally, by applying the operator N−1
T+

to (14) on the left and the operator NT+ on the right, we
obtain the characteristic matrix singular integral operator (11) on the unit circle with piecewise
constant matrix coefficients that take three values on the real line and have discontinuities at the
points t = 0, t = t20, and t = t21 :

uT(t) = A0χ(0,t20)
+ A1χ(t20,t21)

+ A2χ(t21,π),

vT(t) = B0χ(0,t20) + B1χ(t20,t21)
+ B2χ(t21,π);

(16)

here the constant matrices A0 and B0 are defined on the contour (0, t20), A1 and B1 are defined
on (t20, t21), and A2 and B2 are defined on (t21, 2π).

To obtain invertibility conditions for the original operator AT, we use the results in [7]. We use
the projections P+

T
= (1/2)(IT + ST) and P−

T
= (1/2)(IT − ST) to represent the operator DT in the

form DT = (uT + vT)P+
T

+ (uT − vT)P−
T

.
Suppose that det(uT + vT ) �= 0, or, in more detail, with the use of the representation (16) of

the coefficients, det(A0 + B0) �= 0, det(A1 + B1) �= 0, and det(A2 + B2) �= 0. By multiplying the
operator DT by the matrix (uT + vT)−1 on the left, we obtain

R(GT) = P+
T

+ GTP−
T , GT(t) = (uT + vT)−1(uT − vT), R(GT) ∈ [L2

2(T), L2
2(T)].

By using the operators Λ−1 ∈ [L2
2(T), L2

2(R)] and Λ ∈ [L2
2(R), L2

2(T)], where

(Λ−1ϕ)(x) =
2i

i + x
ϕ

(
− i − x

i + x

)
, (Λf)(t) =

1
1 − t

f

(
i
1 + t

1 − t

)
,

we pass from the unit circle T to the real line R:

Λ−1R(GT)Λ = R(GR),
R(GR) = Λ−1(P+

T
+ GTP−

T
)Λ = P+

R
+ GRP−

R
, R(GR) ∈ [L2

2(R), L2
2(R)];

here
GR(x) = (uR(x) + vR(x))−1(uR(x) − vR(x))
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and
uR(x) = A0χ(−∞,x0) + A1χ(x0,x1) + A2χ(x1,∞),

vR(x) = B0χ(−∞,x0) + B1χ(x0,x1) + B2χ(x1,∞),

x0 = i(1 + t20)/(1 − t20), x1 = i(1 + t21)/(1 − t21).

We represent the matrix GR(x), x ∈ R, via the constant matrix functions forming the original
coefficients a2,ij(t) and b2,ij(t), t ∈ T, as

GR(x) = C0χ(−∞,x0) + C1χ(x0,x1) + C2χ(x1+∞),

Cj = (Aj + Bj)−1(Aj − Bj), j = 0, 1, 2.

In the case of a nondegenerate matrix C0, we set A = C−1
0 C1 and B = C−1

0 C2, and for the
matrices A and B and the space L2

2(T), we define the numbers δjk and lk in accordance with (1).
By applying Theorem 3 in [7, p. 294] to the operator R(GR), we obtain the following assertion.

Theorem 3. Suppose that

det(A0 + B0) �= 0, det(A1 + B1) �= 0, det(A2 + B2) �= 0, det(A0 − B0) �= 0.

The singular integral operator

AT = aTIT + cTST + bTWT + dTSTWT

with the orientation-preserving shift (Wϕ)(t) = ϕ(−t) on the unit circle and coefficients of the
form (10) is invertible in the space L2(T) if and only if the following conditions are satisfied :

(a) detA �= 0 and detB �= 0;
(b) the numbers δjk, k = 1, 2; j = 0, 1, 2, are not integers;
(c) one of the following three properties is valid :
(i) A and B have no common eigenvectors, and l1 = −l2;
(ii) A and B do not commute and have a common eigenvector, and l1 = −l2 ≥ 0;
(iii) A and B commute, and l1 = l2 = 0.
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