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Abstract. In our previous works we have constructed operator equalities
which transform scalar singular integral operators with shift to matrix char-
acteristic singular integral operators without shift and found some of their
applications to problems with shift. In this article the operator equalities are
used for the study of matrix characteristic singular integral operators.

Conditions for the invertibility of the singular integral operators with
orientation preserving shift and coefficients with a special structure generated
by piecewise constant functions, ¢, t~!, were found.

Conditions for the invertibility of the matrix characteristic singular in-
tegral operators with four-valued piecewise constant coefficients of a special
structure were likewise obtained.
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1. Introduction

We denote by [Bi, Bs] the set of all bounded linear operators mapping the Banach
space Bj into the Banach space By, [Bi] = [Bi, By]. It is known [1,2]| that for
any operator A = X + ZY, where X,Y, Z € [B;] and Z is an involutive operator,
Z? = I, the Gohberg-Krupnik matrix equality is fulfilled:

A0 -1 _
H{O AI]H -D,

where A; is an additional associated operator, A1 = X — ZY, and

1[I L 1[I z [ x zvz
i=ple L)ool ) oe= Y 00
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We denote the Cauchy singular integral operator along a contour I' by
L [ o)
S t)y=— | —=d
(Sro)(t) = = [ Ehar
and the identity operator on I by (Ir¢)(t) = ¢(t).
Suppose that
X =alpr+cSpr, Y= (Zb)]r + (Zd)Sp ,

where a,b,c,d are bounded measurable functions on I' and (Zrp)(1) = ©(—7).
We denote the unit circle by T and the real axis by R . The matrix equality takes
the form
H alr + bZyr + ¢Sr + dZr Sr 0
0 (IIF — bZF + CSF — dZFSF

where Dr is a matrix characteristic singular integral operator:

} H'=Dr, (1.1)

b= [ (Z2t) (Z?ra) }I” [ (Z2d) (z‘f@ } o

Da = [ (Zeb) <Z§a> ]Iﬂ” [ (Zed) (—_zcﬂic) ]SR'

The operators Dy and Dg are different because Z is an orientation-preserving shift
on T, ZpSt = StZt, but on R it is an orientation-reversing shift , Zg Sg = —Sr Zg.
In the article [3] we obtained a direct relation between the operator A with a
model involutive operator and a matrix characteristic singular integral operator
without additional associated operators: for an orientation-preserving shift it is a
similarity transform FAF !, and for an orientation-reversing shift it is a transform
by two invertible operators HAE. We formulate these results below in Section 2.

In this paper, the Gohberg—Krupnik matrix equality (1.1) and the trans-
forms from 3] are the main tools for the study of questions connected with the
invertibility problem.

In Section 3, we consider a singular integral operator with orientation pre-
serving shift on the unit circle and coefficients generated by piecewise constant
functions, functions t and ¢!, and possessing special properties. Using the opera-
tor equality corresponding of the orientation-preserving shift we obtain conditions
for the invertibility of the operator.

In Section 4, we consider a characteristic matrix singular integral operator.
The coefficients of the operator are piecewise constant matrix functions with, at
most, four different values and possessing special properties. Using the operator
equality corresponding of the orientation-reversing shift we obtain conditions for
the invertibility of the operator.

2. Operator equalities

Let T'" and v be contours, and v C I'. The extension of a function f(¢),t € 7,
to I'\ v by the value zero, will be denoted by (Jr\,f)(t),t € I'. The restriction of
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a function ¢(t),t € I', to v will be denoted by (C,¢)(t), t € v. The characteristic
function of the set v given on I' will be denoted by x(t), t € I

Let L,(T', p) denote the space of functions on I' which are summable in the
p-th power after multiplication by the weight-function p, and let LZT(I‘, p) denote
the space of m-dimensional vector-functions with components from L, (T, p).

We define
L={z:]z]=1, 0<argz <2m/m};
21 2T
an t) = mt 3 m = - j sin —
(W) (t) = pemt), ¢ cos — + isin -
and
301 m
M = ZWQkHJT\UPk, M e [L3H(L), Ly(T)]
k=1
Pm
Cro
M71 C,CWNLSO

Y= . ;
CeWii—te
1 r—1)(k—r—1)]m —1 1 k—1)(k—r4+1)1m .

I = = [5( )( )]lm:l’ I != ﬁ [5( )( )]km:l,
0 1

0 1

V= ) ;

1 0

G(t) = diag[1,t*,...,t™7 1], G7(t) =diag[l,t71, ..., t'7™], teL;
(NO(t) =¢(™), N e [Ly(T), L5 (L)],

1

(NTIO@) = ¢(t).

Theorem 2.1 ([3], Theorem 2.16, p. 240). The singular integral operator A with
the shift-rotation Wy, at the angle 27/m and bounded measurable coefficients,

I 'ViI=9Q, Q=diag[l,e',...,e™'];

=

A=Y lar(t)Ir + by (t) ST W, A€ [Lo(T)],
k=0

is similar to the matriz characteristic singular integral operator Dr:
Dy =F'AF, Dr=ulr+vSy, Dre [Ly(T)], (2.1)
where

F = MIGN € [L5(T),Ly(T)], F'=N'G'I"'M~" € [Ly(T), L5 (T)] .
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The connection between the coefficients of the operator A and the coefficients of
the operator Dt is given by the formulas:

t(lfk)/mg(kfl)(kfrﬂrl) m g(rfl)(kfrfl)t(rfl)/m m
P
\/TTL k,r=1 \/ﬁ k,r=1
(2.2)
t(l—k)/ma(k—l)(k—r—l-l) :| m E(r—l)(k—r—l)t(r—l)/m m
o(t) = vl(tl/m)[ } , teT,
{ vm k=1 vm k,r=1
where
[ ag(t) ar(t) coe U1 (t)
am_1(€t) Qg (€t) PN al(et)
u1(t) = . . . . )
L a1 (€m_1t) ag(Em_lt) . Clo(Em_lt)
[ bo(t) bi(t) A L))
bm—1(et) bo(et) . by (et)
vi(t) = , . _ , , tecL. (2.3)
_bl (E-:milt) bQ(Emilt) R bo(Emilt)

We now formulate a theorem for the case of an orientation reversing shift.
We denote the positive semi-axis by Ry = (0, 4+00) and the negative semi-axis by
R_ = (7007 O)v

Q) (@) = YO8 o)),

¥
6?”—5 (2.4)
a(w):;j—f, SER, BER, 6°+8>0,

the operator @ is generated by a Carleman linear-fractional orientation-reversing
shift, a(a(x)) = z and has a property Q? = Ig;

(@ap)(m)—m_wlcp(z_xl), (O19)(x) = 1 ¢<$2$+$1>’

To — T To — T r+1 r+1
where
1 =0—+/02+0, Ty =0+ /62+ 3;
(N, @) (1) = (%), (Nele) (1) = o(V1);
| Sey +Ur, 0O |, w11 L,
P‘[ 0 In, |’ =701 1

e B R e R e I B
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O € [La(R)], P € [LE(R})], Nr, € [L3(Ry, ¢ 1), LA(Ry)],
Mg, € [L3(Ry),Lo(R)] .

Theorem 2.2 ([3], Theorem 3.11, p. 244). The singular integral operator B with
bounded measurable coefficients,

B =alg +bQ + cSgr +dQSr, B € [LQ(R)] ,

can be reduced by invertible operators to the matrixz characteristic singular integral
operator Dy, :

Dy, =HBE, Ds, =ula, +vSg,, Dp, € [Lg (R+,ti)} . (25)
where
H =Ny I 'M et He {L%(RQ,L% (Rm—i)],
& = OMRIIPNg, , Ee {Lg (R+,t—i) ,L%(RJF)] .

The relation between the coefficients of the operator B and the coefficients
of the operator Dg_ is given by the formulas:

=zl ] wo=glmom] e
where
unn(t) = (e(Gr () + (¢ 1)) = (e(¢c-®) +d(c-1)) .
wia(t) = (a(Co(8) + (¢ (1)) = (alc- (1) +b(¢- 1)),
un(t) = (e(Gr®) + (¢ (1) ) + (e(¢- (1) +d(c-®) )
un(t) = (a(G+®) + (¢ 1) ) + (alC- (1) +b(C-1)) -
on () = (a(¢ (1) = b(c®) ) + (alc-(1) ~b(c-1)) .
via(t) = (e(¢+(®) = (6 (1)) + (e(¢- (1) = ac- 1))
van(t) = (a(¢+ (1) = (6 (1)) = (alc-1) = b(c- 1))
vaalt) = (e(C(0) = d(¢+ (1)) = (e(c-(0) —d(c-(®)).  (27)
<+<t>—“f§jf% @(t)—“_’%zjf% teR,

We will refer to formulas (2.1) and (2.5) as operator equalities. The operator
equalities will be used to study the invertibility properties of singular integral
operators.
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3. Singular integral operators with coefficients of a special structure
generated by piecewise constant functions, ¢t and ¢!

We denote the upper semicircle of T by T, and the lower semicircle of T by T_.
Let ag;; and by ;;, where ¢ = 1,2, j = 1,2 be piecewise constant functions
given on Ty, with three values and points of discontinuity at ¢ = tg, t = t1,
0 < argty < argt; < .
In the space Ly(T), let us consider the operator

Ar = arlt + cpSt + by Wr + dpStWr
(Wrp)(t) = p(—t), Are [Ly(T)],

with coefficients generated by a2 5, 02,5, and functions ¢, t~', and which have the
following special properties:

(3.1)

1
Cr,ar = 3 [a2,11 4 as22 +tago1 +t az o]
1
Cr, (Wrar) = 2 [a2,11 4 az22 — tagor — t az o]
1
Cr, br = 5[61 11— a2 +tago —t tag ],
1
Cr, (Wrbr) = 3 [a2,11 — az22 — tagor +t taz 1],
1
Cr,cr = 3 [b2,11 + b2,22 + tho o1+t b2 12]
1
Cr, (Wrer) = 5 [b2,11 + b2,22 — tho o1 —t 12 12]
1 -1
Cr,dr = 3 [b2,11 — b0 + tha oy — t "o 12 |
1 _
Cr, (Wrdr) = 5 [b2,11 —ba oy —thoor +1 1b2,12] . (3.2)

Operator equalities have distinctions between the cases where the orientation
is preserved and the cases where the orientation is changed.

After applying the operator equality (2.5) the weight t=% appears; the coeffi-
cients (2.6), (2.7) conserve the property of being piecewise constant (Theorem 2.2).

After applying the operator equality (2.1) a weight does not appear, the
coefficients (2.2), (2.3) do not conserve the property of being piecewise constant
(Theorem 2.1). The multipliers "~/ appear. For m = 2, we have t'/2.

The coefficients (3.2) of the operator At are selected so that the transformed
operator F~1ApF has piecewise constant coefficients and we can use the results
from [4]; that is, so that the multipliers ¢, t~1 of the coefficients (3.2) eliminate
the multipliers which appear after applying the operator equality (2.1).

For this reason the coefficients of the operator Br from Section 4 look more
“natural” than the coefficients of the operator Ar.
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Lemma 3.1. The operator
At = arlt + epSt + byWr + dp StWr € [LQ(T)]

with orientation-preserving shift on the unit circle (We)(t) = ¢(—t) and coeffi-
cients (3.2) is reduced to the matriz characteristic singular integral operator

Dt = utlt + vp St € [L%(T)] .

The coefficients are piecewise constant matrices which are defined on the unit circle
and have three values

ur(t) = Aox(o,2) + A1X 2,2y + A2X (22, »

vr(t) = BoXx(o,2) + BiX(2,2) + BaX(12,x) - (33)
where the constant matrices Ay, A1, As, By, B1, Bo are
Ao =Clagg | 2200282 | =Gy | 20 202 ).
fa =Gl | 20 2 | o= Cuy | it 1212 ).
Bi=Cloe | o i |- B=Clm |20 2 ] G0

Proof. We apply the operator equality (2.1) to Ar. As a result Ar from (3.1)
transforms to the matrix characteristic singular integral operator without shift

F'ArF =Dy, Dr=urplr+vrSt € [L3(T)]. (3.5)

Operator F € [L3(T), L2(T)] is defined by the composition of the operators:
F = MIIGN. In our case m = 2 and these operators have the following form

M[ 1 ] = Mr, [ i; } =Jr_p1 + Wrdr_g2,

P2
C
Ml =Myl = Cwﬁfi;;p ’
Hil_Zil_\}i[i _1}7
GFH(t) = GF () = diag (1,£7),
(Nr, Q) =<¢(#?),
(NF1O(t) = ¢(t2),
My ! € [L2(T), L3(T4)],
My, € [L3(Ty4), Lo(T)],
Nr, € [L3(T), L3(T4)],
Ny € [L3(T+), L3(T)].
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Let us follow the transformation of coefficients (3.2)

1
My ArMy, = uilr, +vi[Sr, + VUr, ] (e [L%(L)]) , V= { 0 } , (3.6)

e, )=~ [ {74

™ Jp, T+1

Ur, = Cr, WSeJp_ ( € [Lg(m)]) .

T, t€T+,

The coefficients of the operator (3.6) are
ar(t)  br(t)
=C
e [ br(—t) ar(—t)
_ 1| az11+az2 +taz 21 + t™las o as 11 — age + taser —t tas s
2 | az11 —as2e —tagor +t tagie asi1 +asee —taso —ttass |
er(t)  dr(?)
=C
nT [ dr(—t) er(—t)
_ L] baan 4 b22o 4 tho o1 + t71ba12 ba11 — baoo +thaor — 7 1ba 1o
2 | baa1 —booo —thoor +1t o 1o boit + boos —thoor —t thois |
Then, after applying the similarity transformation by Z to the operator (3.6), we
get

27 Mg ey, 2, = sl +vs[Sp, + QU] (€ [I3(T1)]),  (37)
- [4 1)
w2 = Z_1UIZ - : IZZZQ’,lQll tial:f;élz :l

Then, the operator (3.7) is transformed by the nonsingular matrices Gil (t),
t € T4 to the operator

(ijZ*lMi1 ArMr, ZIv, Gr, It n)(t)

—utne)+ 25 [ n(nar, 38)

where

_ | a2,11 G212 o 52,11 52,12
u?’(t) n [ @221 Q222 } ’ v3(t) n [ b2,21 52,22 } ) 1€ T+'

We represent the matrices usz(t),vs(t) in the following form
u3(t) = AoX(0,t0) + A1X(t0,t1) + A2X (1 ,7) 5
vs(t) = Box(0,t0) + B1X(to,02) + B2X(t1,m)
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where the constant matrices Ao, A1, Aa, By, By, B2 are constructed based on as ;j,
bsij, 1,7 = 1,2, according to (3.4).

In the last step, in carrying out the similarity transformation, we apply the
operator Nt from the right-hand side and the operator NT_: from the left-hand
side to the operator (3.8) and obtain the matrix characteristic singular integral
operator (3.5): F~YArF = Dy, Dy = urly + vpSt € [L3(T)] where the coeffi-
cients are piecewise constant matrices given on the unit circle with the points of
discontinuity at t = 0,t = t3,t = t3,

ur(t) = Aox(o,2) + Aix(e2,¢2) + A2X(12,m) »
vr(t) = Box(o,.2) + BiX(z,2) + BaX (2, -

The constant matrices Ag and By are given on the contour (0,¢2), A; and By — on
(fg,t%),Ag and B2 — on (t%,271’). U

Now we will obtain conditions for the invertibility of the operator Ar.

We start with the formulation of a result concerning the invertibility of char-
acteristic singular integral operators with a certain piecewise constant matrix-
function [4].

Let us consider the weight space L,(R, p), 1 <p < oo

N—-1
pt) =@+ I It—tul*, tx €R.
k=0

It is known [5] that the singular integral operator Sk is bounded in L, (R, p) if and
only if

1 ~1 1 e 2 p-1
<y <P k=0 N1 S <Y s <P 3)
P p p = p P

We will assume that (3.9) is in force.
Suppose N = 2,tg = 0,t; = 1. We obtain the weight space

Ly(R,0), 0= (1+)" "t =1, 1<p<oo, o=+t t—1",
where

ngl—gfl/fyofyl, —l<l/k<lf}, k=0,1,2.
p p p

Given two non-singular constant matrices A and B, following [4] we denote the
arguments of the eigenvalues of A, A~!B and B~! by agx, a1y, and agy, (k= 1,2),
respectively, and introduce the numbers vo; (A, B) = ﬁaommk(v‘l, B) = %04119,
and vor(A, B) = s-agk(k = 1,2). In case the matrices A and B have common
eigenvectors, let us agree upon attaching the same subscript & to the arguments of
the eigenvalues associated with the corresponding eigenvectors. If the matrices A
and B share (up to linear dependence) exactly one common eigenvector, we shall
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label the corresponding argument of the eigenvalue by the subscript £ = 2. We
introduce the numbers

2
W(AB) = (vinl(A B) + [854(A. B)]) (3.10)
j=0
k(A B) = % +vj—vi(AB), k=1,2; j=0,1,2. (3.11)

By [z] we mean the integer part of x.
We formulate a theorem from [4].

Theorem 3.2 ([4], Corollary 2, p. 248). For the operator R(Gr) = Py + GrPy ,
generated by a matriz-function Gr = [§ {]X(—00,0) + AX(0,1) + BX(1,400), t0 be
invertible in L?)(R, 0), it is necessary and sufficient that the constant matrices
A, B are non-singular, that the numbers 6;,(A,B) are non-integer, and that at
least one of the following conditions hold:

(i) A and B have no common eigenvectors and Iy (A, B) = —l2(A, B);
(ii) A and B do not commute, possess a common eigenvector, and ly(A,B) =
*ZQ (Aa B) 2 0;
(i) A and B commute and l1(A,B) = l5(A,B) = 0.

Results of [4] allow us to find conditions for the invertibility of the opera-
tor A']I‘.

Theorem 3.3. Let det(Ag+ By) # 0,det(Ay + By) # 0,det(Asy + Bz) # 0, det(Ag —
By) #0.

In order that the operator At = arlt + crSt + brWr + drStWe, with orien-
tation-preserving shift on the unit circle (Wrp)(t) = o(—t) and coefficients (3.2),
be invertible on the space Lo(T), it is necessary and sufficient that the matrices

A= (Ag+ By)(Ag — Bo) (A1 + By) ' (A1 — By),

B = (Ao + By)(Ag — Bo) "} (Az + By) "} (Ay — By).

have the following properties

(a) det A # 0,det B # 0;

(b) the numbers 5jk(/~l, B) are not integers k =1,2;7 =0,1,2;

(c) for the pair A, B one of the following three conditions (i), (ii), (iii) is fulfilled:
(i) A and B have no common eigenvectors and 1, (A, B) = —ly(A, B);
(ii) A and B do not commute, possess a common eigenvector and I, (A, B) =

—lo(A, B) > 0;

(iit) A and B commute and 1,(A, B) = l(A,B) = 0.

Proof. Using the projectors Py = %(IT + St) and Py = %(IT — St), we rewrite
the operator (3.5):

Dy = (ur + vr) P + (ur — vr) Py .
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We assume that det(ur + vr) # 0, or, using formulas (3.3),
det(A0+Bo) 75 0, det(A1 —‘rBl) 3&0, det(A2+B2) 75 0.

Applying the matrix (ur +wvr)~! from the left-hand side to the operator Dr,
we get

R(QT) = PrEr +g']1‘P11T R g'[r(t) = (UT+UT)71(UT —’UT), R(QT) S [Lg(T),L%(T)} .
Using the operators A~! € [L3(T), L3(R)], A € [L3(R), L3(T)],

()@= e () ane = (1),
we reduce the operator from the unit circle T to the real axis A~ R(Gr)A = R(Gg),
R(Gr) = A7'(Pf + GrPr)A =Py +GrPy . R(Ge) € [L3(R), L3(R)] .
Here the matrix Gr(z) = (ur(z) + vr(z)) " (ur(z) — vr(z)) and

UJR(:C) = AOX(—oo,wo) + AlX(a:O,xl) + A2X(ac1,oo) )
U]R(x) = BOX(—oo,a:O) + BlX(gcg,xl) + BQX(xl,oc) )

14t 1482
To = trmz 1 = i

constant matrix-functions of the input coefficients as ;;(¢), b2 ;(¢), t € T, in the
following form:

. The matrix Gr(z),x € R, is expressed in terms of the

g]R(x) = COX(*OO,{L’()) + ClX(mo,zl) + CQX(:L’1+00) 5
C;=(A;+B;) (4, - B;j), j=0,1,2.
The matrix Gr(z),z € R is a piecewise constant matrix function with three values
and points of discontinuity at = = xg,x = 1.
In the case that the matrix Cy is non singular — that is, the matrix Ay — By

is non singular — we have

A= Cy'C1 = (Ao + Bo)(Ag — Bo) YAy + B1) YA, — By),

B=Cy'Cy= (Ao + Bo)(Ag — Bo) '(Az + By) 1 (Ay — By).
Using the matrices A, B, we construct the numbers §;1,(A, B), Iy (A, B) according

to (3.10), (3.11).
Applying Theorem 2.2 to the operator R(Gg), we obtain the proof. (]

4. Matrix characteristic singular integral operators with piecewise
constant coefficients of a special structure which have four values

An operator Q € [L,(R, pg)] is called involutive if Q? = I,Q # +I. Results of
investigations of the involutive operators can be found in [6]. We introduce the
operator

@2 9)@) = Y o), o) =250 s ips0,
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In the space L,(RR, pg) consider operator:
Br = alg + bQr + ¢Sk + dQr Sk , (41)

with piecewise constant coefficients

CL(I’) a—2X (-0 wl)(x) + A—1X(x1,6 )(gj) =+ a+1X(8, wz)(x) =+ A+2X (x2,+00) (‘T) )

b(x) =b_s X( s0,21) () + 01X (@1,5) (%) + D11X(5,00) (T) + bi2X (22, 400) (T) 5

c(r) = coaX(— 1) (39) + C—1X(21,0) (x) + CH1X(6,x2) () + Cro2X(za, +oo)(3?) )

d(z) = d —oo,e) (T) F d1X(21,6)(T) + Ay 1X(5,20) (%) + di2X (20,400) (), (4.2)
where

(Elzé—\/(;z-l-ﬁ, .’£2:5+ \/52"’_ ,ajvbjacjadj, j:_2a_17+13+2,

are real numbers. The function a(z) is a Carleman shift: afa(x)] = 2,2 € R and
a(x1) = za,a(d) = .

The restrictions on the weight function pg(z) = H?Zl |z — a;|", x5 = 4,
x4 = i are defined by formulas (3.9): % <y < pp%l,j =1,2,3; % < Z?Zl i <

p=L1. and

p?
4 b9
1= 2, H3=—Zﬂj+7- (4.3)
j=1

The conditions (3.9) ensure the boundedness of Sg while the conditions (4.3) ensure
the boundedness of Qg in the space L,(R, pg).

The operator Qg is an involutive operator and possesses an additional prop-
erty: QrSg = —SrQr.
Let us introduce the operators

(@¢)(z)x2x1¢<xx1), (9 cp)() 1 Sﬁ(meerl)-

To — X Ty — X r+1 r+1

Theorem 4.1. The singular integral operator with an involutive operator, generated
by a Carleman linear-fractional orientation-reversing shift,

Br = alg + bQr + ¢Sr + dQr Sk,

acting on the space La(R, pg) is reduced to the matriz characteristic singular in-
tegral operator

Dg = urlr + vrSr, ur=xr_ + Jr_ug,,

(4.4)
VR = JR7UR+ s D]Ilg S [L%(R, Q)] R
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where the weight is o(x) = |x|%(‘“7%)|x —1|Ms|z — |21 and the coefficients are
piecewise constant matrices given on the real axis and with three values:

_ 0 0 _ 1 0
uR+=Zlu1Z[O 1]+Z1012[0 0:|;
10 00 (4.5)
-1 _
R, =2 ulZ[OO]+Zlv1Z{O 1:|a
where
- a_q —b,1 a4 _b+1 4.6
ur(z) = x(0,1) () by ay + X(1,400)(T) b g | (4.6)
o C_1 d_l Ci+1 d+1 R
n@) =xon@) | g7 o | Txaso@ | _gn 0 TERy

Proof. Applying the operator equality (2.5) to Bg, we reduce it to the character-
istic operator:

Ng!Z7'Mg'© ' Be© Mg Z P Ng, = Dg, .

Let us follow the transformation of coefficients.

Carrying out the transformation Bg —— ©7~!BgO, we obtain the operator
Ap € [Lp(R, pw)], pw (x) = || [a? — 1|#e ]z — |,

AR = GQIR + bQSR + a1WR + blSRWR = (IQIR + CllWR + (bQI]R — ble)SR,

with the reflection (Wrp)(x) = p(—2x) and the coefficients

a1(z) = —=b[y(x)] = —[br2X(—00,—1) + b—2X(—1,0) + b=1X(0,1) + b+1X(1,400)] -

az(x) = [7(33)] [a+2X( 00,—1) T @—2X(-1,0) T @—1X(0,1) T A+1X(1, +oo)} )

bi(z) = d[v(z)] = [dyaX(—00,—1) + d—2X(~1,0) + d=1X(0,1) + d+1X(1,400)] 5

ba(z) = c[*y(x)] = [C+2X(—oo,—1) + Cc—2X(-1,0) T C¢=1X(0,1) T C+1X(l,+oo)] )
where

() ToX + X1
r)=——-.
z+1

After applying the similarity transformation to the operator Ar, we get the
operator

2
Mg ' AgMg = wiln, +v1 Y _(=)"V *Urg,
k=1
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with the following coeflicients

2

ui(z) =Y diag[Cr, ax, Ci, (Waay)|VF
k=1

a_ —b_ a —b
—xon@ | 57 o e | 51 T

'Ul(.’E) = Cﬂhdiag[ - b1V + bQ, W]R(—blv + bg)]Q

c d
} + X(1,400) () [ —d: 7c: } , TER,.

C_1 d_1
= X(O,l)(x) [ —d_,

—C_9

The coefficients u; () and vy (x) are piecewise constant matrix functions with two
values: on (0, 1) and on (1, 400).

The operators Z, Z~! and P do not affect the point of discontinuity at z =
1. The operator N—' does not affect the coefficients. Thus, having applied the
operator equality (2.5), we arrive at the operator

Dg, =ug, Ir, + v, Sk, € [L2(Ry,0)]

with the coefficients (4.5).
Extending the operator Dg, to the entire real axis

D]Ilg = urlgr + VSR, Ur = XR_ + JR7UR+ , Ur = Jr_ VR, € [L?)(R, Q)] ,

(note that the property of being invertible is retained), we complete the proof of
the theorem. (]

Let us consider the weight space L,(R, pw),p > 1,
4
(pw)(z) = H|$_33j|#'77 vy =-1, w=1, x23=0, z4=1
j=1

with the norm ||f||Lp(1R,pw) = ”prHLp(]R)-
Assuming that the following conditions hold:

1 —1 p—1

we get from [5] that the operators
S]R S [Lp(R7 PW)] 5 WR € I:Lp(R7pW):| )

where
(Wre)(z) = ¢(—z).

In the space LZQ, (R, pw ) consider the operator Dg = ulg+vSg with coefficients
which are piecewise constant matrix functions with three points of discontinuity
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atrz=-1,z=0,2=1:

| a—2 b_o a1 by
U= [ bro aio :|X(—oo,—1) + { b ap ]X—l,O)
a_1 b_q a2 b_s
+V % +V VX(1.00) s
{bﬂ a1 } X(0,+1) |:b+2 s ] X(1,00)
V= C_2 7d,2 + C_1 7d,1
d+2 —Cyo X(foo,fl) d+1 —cq1 X(fl,O)
B e e R VO v B Bl RN (4.8)
d+1 —Cio (0,1) d+2 —Cig (1,00) » .
where
0 1
e=[0 1)
The coefficients (4.8) are selected so that, after applying the Gohberg—Krupnik

matrix equality Dp = H [BO* BO_]H —! we would have scalar operators By, B_

considered in Theorem 4.1.
In this section, conditions for the invertibility of the operator Dy in the space
L2(R, pw) are obtained.
We construct the matrices
[ a_1+c_1 Fb_1xtd_; 1

AF = —det™!
| Fb2Fd2 a-2—c o |
g1 [ ag—cp b Fd_y || as1—co1 FbgFd_y | 70
| £botd o a-1+c1 || Fbotda a-2+co | ’
BE — —det-! [ ay1+epr Fbpitdin |
L FbioFdio aq2—cia ]

el - +bi1Fdyr | [ ay1 —cp1 FbiiFdi |
Lz 2 T G2 +1+0+ + + + 1z, (4.9
i :|:b+2:|:d+2 a1+ c4q 1L :Fb+2:|:d+2 aq9 + Cq9 | ( )

=t 1) e[ 1)

Using definitions (3.10), (3.11) of Section 2, we introduce the constants
i = (AT, B), 65 = 0;(AF, BF).

where

Theorem 4.2. Let

ay+c_y Fboytd 20
FboFd_s a_s—c_o ’
det | @1 T C41 Foyi1Edyy £0.
FbioFdya ay2—cqo

In order that the operator Dg,

O e L i

det [
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with piecewise constant coefficients and points of discontinuity at x = —1,x =0,
=1,

a(r) = a—2X(—00,-1)(T) + a—1X(-1,0)(%) + a11X(0,1)(T) + @+2X(1,400)(T) s

b(w) = b—2X(foo,71)(x) +b_1X(=1,0) (%) + br1x0,1)(T) + broX(1,400)(T) s

c(x) = c_aX(—oo,—1) (T) + co1X(1,0) (%) + c41X(0,1) (%) + cr2X 1, 400) (T) ,

d(z) = d_2X(—c0,—1) (%) + d_1X(=1,0)(%) + dy1X(0,1) (%) + dyaX(1,400)(T),

be invertible on the space L,(R, pw ), it is necessary and sufficient that the matrices
AT BT and A=, B~ have the following properties:

(a) det AT # 0,det BY # 0 and det A~ # 0,det B~ # 0
(b) the numbers 6;; = (A", BY) and &5, = 6;,(A™,B7) are not integers
k=1,2:5=01,2.
(c) for the pair A, BT and for the pair A=, B~ one of the following three con-
ditions (1), (ii), (iii) s fulfilled:
(i) A* and B* have no common eigenvectors and by (AF, B¥) = —l5(A*, BF);
(ii) AT and B* do not commute, posses a common eigenvector and l; (A%, B¥)
= —la(AF, B¥) > 0;
(iii) A* and B commute and 1 (A%, BT) = l5(A*, B*) = 0.

Proof. By the Gohberg—Krupnik matrix equality (1.1)

aIR + bWRIR + CS]R + dWRSR 0

H 0 algp — bWrIr 4+ cSg — dWgr SR

:| H71 = DRa
where

1 I Ir 1 Ir  Wr
H=- H ' =
2 |: Wr —Wgr :l ’ Irg —Wgr |’

the singular integral operator Dy is invertible on the space L, (R, py ), if and only
if the operators

B =B, =alg+bWg +cSg +dWrSr, B_ =alg —bWgr+ cSp — dWrSk

are invertible operators on the space L, (R, pw ).
Applying the operator equality (2.5) to BT and B™, we have

Dy, =HB*E =ug In, +vg Sz, , Dy, € [L3(Ry,0)].
The weight py is transformed to
%

o(z) = [z["]x = 1" |z —i

9

| —

1 1
V02<u3)7 V1= = fo, V= Sy
p
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From formulas (2.6), (2.7) the coefficients of the operator Dﬁi are
ui (t) _ 1 (0_1 + d_l) —(0_2 + d_z) (a_1 + b_l) —(a_2 + b_g) Y (t)
Ry 2 (C_l ﬁ:d_l) —|—(C_2:|:d_2) (a_1:|:b_1) —|—(a_2:|:b_2) (0.1)
n L[ (cqrddig) —(cratdia) (ap1+by1) —(agotbyo) | Xtoor ()
2| (cp1£dyr) Hlepatdyn)  (ayitbyr) + (a+2ib+2 | Aot
vE (t 1 (a1 Fb-1) +(a—2Fb-2) (co1Fd-1)+ C 2Fd_» (t)
20 =3 (a1 Fb1) —(asFba) (c1Fd 1) —(coFd) | XOD
L] (e Fba) +(ar2 Fora) (e Fdaa) +(cszF d+2) )
2 | (as1 Fbi1) —(ap2Fbyo) (cr1Fdir) —(craFdy) | BN
Extend the operator Df&r to the entire real axis
Dﬁ: = JR+CR7 + JR,D]?{F+CR+ ) D]]:é: € I:Li(Rv :Q):I )
and rewrite Dﬁg using the projections
+ + + p—
Dy =Uy Py +Vy Py,
where
Up =xr_ +Jr_(ug +vg,), Vi =xe +Je (ug —vg,).
The matrices U = uﬁ{i (t) + vﬁ{i (t) and Vi = uﬁ{i (t) — vﬁ{i (t) have the following
form
1+c1 Fb_1Ed 4
Uz = Jp T | 41
R = XR- + R { [ TboFd s ag—c o | O
a1 +cqpr Fbyitdi X b
FhioFdyn ays—cyp | )
+ _ _ a_1—c_1 Fb_1Fd_y
VR = Xr- JRH{ [ Fboftd 3 a_s+co ]X(O’l)
41 —Cy1 Fbii1Fdiq
|: :Fb+2:td+2 a4s +C+2 :| X(l,oo)}HQ

We assume that det[u

+(t) + ”]f{i, (t)] # 0, or, rewriting in an equivalent form,

a_1+c_1 Fboitd
det
¢ { { FboFd2 a_s—c_o } Xo.1)
a41+cy1 Fbiitdi
b0,
[ FopoFdis ays—cpp | NI 7

Having calculated the matrix G= = (UZ) VL, we obtain
GF = xr_ + AT x01) + B X(1,00) »

where the matrices A* and B* are given by formulas (4.9). The matrix G*(z),
r € R, is a piecewise constant matrix function with three values and points of
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discontinuity at x = 0,z = 1. The operator R(G¥) = P + G¥P; is invertible
on the space Lf,(R, o) if and only if the operator D]:Ri is invertible on the space

L]27 (R-i-? Q)
Applying Theorem 2.2 to the operator R(G*) we complete the proof of the
theorem. O

Corollary 4.3. In order that the operator Bg with piecewise constant coefficients
and the points of discontinuity at x = —1,x = 0, x = 1 be invertible on the space
L,(R, pq) it is necessary and sufficient that the matrices

a_1+c_1 b1 +dy
—b_g — d_g a_9 — C_9

71 [ a_2—co b1—d } { a_y—c—1 —b_1—d_ } 70,

A= —det™! {

bot+do aq1+c b o+dao asos+co

B— _det~!| @t +epr by t+da
—byo—dy2 a2 —cyo

“1| ay2—cy2 by —dy ay1 — Cq1 —by1 —dy
Z YAY)
biz+dy2 ay1+cqr —bia+dy2 a2+ ch2

have the following properties
a) det A #£ 0,det B # 0.
b) the numbers 0,k =1,2;5 =0,1,2 are not integers.
¢) for the pair A, B one of the following three conditions 1),2),3) is fulfilled:
1) A and B have no common eigenvectors and Iy = —ls,

2) Aand Bdo not commute, posses a common eigenvector, and ly =—I1s >0,
3) A and B commute and Iy = —ly = 0.

We would like to make some observations regarding the operators Ay and Bg.
In [4], formulas for the partial indices of piecewise constant matrix functions with
three values on the real axis have been calculated. These results allow us to find
the dimensions of the kernels of Ay and Bp.

Knowing the factors of piecewise constant matrix functions with three values
on the real axis provides an opportunity to obtain the solvability conditions and
to effectively construct the general solution of the equation with the operators Ar
and Bg.

In the article [7] a Riemann boundary value problem with shift was consid-
ered. The problem was reduced to a special case of the operator Bg.
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